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The present paper is dedicated to the 2-dimensional Interacting Partially
Directed Self Avoiding Walk constrained to remain in the upper-half plane
and interacting with the horizontal axis. This model has originally been intro-
duced to investigate the behavior of a homopolymer dipped in a poor solvent
and adsorbed along a horizontal hard wall. It is known to undergo a collapse
transition between an extended phase, inside which typical configurations of
the polymer have a large horizontal extension (comparable to their total size),
and a collapsed phase inside which the polymer looks like a globule.

It is conjectured in the physics literature (see, e.g., (Phys. A, Stat. Mech.
Appl. 318 (2002) 171) or (Phys. Rev. E 65 (2002) 056124)) that inside the
collapsed phase, a surface transition occurs between an adsorbed-collapsed
regime where the bottommost layer of the globule is pinned at the hard wall,
and a desorbed-collapsed regime where the globule wanders away from the
wall. In the present paper, we consider a simplified “single-bead” version of
the model, for which we establish rigorously the existence of the surface tran-
sition and exhibit its associated critical curve. To that aim, we display some
sharp asymptotics of the partition function of this simplified model within the

collapsed phase.
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Notation. Let N be the set of positive integers, and No := N U {0}. Let (a1)r<1 and
(bL)L<1 be two sequences of positive numbers. We write that

(0.1) ar, ~L—-oco bL if lim aL/bL = 1,
L—o0

and also that

0.2) arp <b; ifcibp <ap <cybp VL >1,

with ¢, c2 two positive constants.

1. Introduction. In the present paper, we investigate a model for a 1 + 1 dimensional
polymer dipped in a poor solvent and simultaneously adsorbed along a horizontal hard wall.
Although the model has attracted a continuous attention in the physics literature starting
in the 1990s (see, e.g., [9, 10, 18]) until more recently (see, e.g., [21, 26] or [24]), it had,
up to our knowledge, not been considered so far in the mathematical literature. This model
interpolates between two families of polymer models that have been entirely solved in the
last 20 years, that is, the wetting of a 1 + 1-dimensional random walk adsorbed along a hard
wall (see, e.g., [6, 11] and [12]) and the collapse transition of the 2-dimensional Interacting
Partially-Directed Self-avoiding Walk (IPDSAW) (see [5] for a review).

The coupling parameters of the model are 8 € [0, co) the repulsion intensity between the
monomers and the solvent around them—or, equivalently, the attraction intensity in between
monomers—and § € [0, co) the interaction intensity between the monomers and the hard
wall. We discuss in detail the phase diagram of the model in Section 2.2 below, but let us
mention already that the phase diagram is divided into two main phases:

e &: an Extended phase inside which a typical trajectory has a macroscopic horizontal ex-
tension, comparable to its total length,

e C: a Collapsed phase inside which the vertical width and the horizontal extension of a
typical configuration are comparable, and of smaller order than its total size.

It turns out that £ can be divided into two sub-phases. A critical curve is indeed conjectured
to partition £ into a Desorbed-Extended phase (DE) inside which the polymer wanders away
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from the hard wall and an Adsorbed-Extended phase (AE) inside which the polymer is lo-
calized along the wall (see, e.g., [9], Figure 2). The situation is more subtle in the Collapsed
phase where typical configurations look roughly like a globule (see Figure 2 (B)). The num-
ber of contacts between this globule and the hard-wall changes drastically inside C along
some other critical curve which triggers what physicists call a surface transition, that is a loss
of analyticity of the second order term (which is called surface order term in the rest of the
paper) of the exponential development of the partition function, whereas the leading order
term (i.e., the free energy) remains linear.

The aim of our paper is to investigate the collapsed phase and in particular the surface
transition mentioned above. However, due to major technical difficulties that we discuss in
the first open problems of Section 3.4, we are unable to characterize rigorously this surface
transition for the “full model”. For this reason, we introduce in Section 3 a simplified version
of our model called the single-bead model. In a few words (see Section 3.1 for more details)
every trajectory considered in our model can be decomposed into a family of sub-trajectories
called beads. Those beads are typically of finite size in £ but are much larger inside C. Note
that, we can reasonably conjecture that inside C, a typical trajectory is made of a unique
macroscopic bead (this is proven, e.g., for the 2-dimensional IPDSAW in [20]). Thus, we
restrict the set of allowed paths to those forming only one bead. This alternative version of
the model turns out to be more tractable and should share many features with its nonrestricted
counterpart.

Let us give a short outline of the paper. In Section 2 below we begin with a rigorous
definition of the model and then we provide a qualitative description of its phase diagram.
With Theorem 2.2 we identify rigorously the Collapsed phase (C) and the Extended phase (£).
Section 3 is dedicated to the definition of the single-bead version of the model. Theorem 3.2,
which is the most important result of the paper, is stated in Section 3.3 and allows us to
characterize the surface transition with the help of sharp asymptotic developments of the
partition function inside C. We prove Theorem 3.2 (along with Corollary 3.3) in Section 4. We
delay the proofs of Theorem 2.2 and Proposition 3.1 to Section 5 for they are quite standard
(apart from the random walk representation introduced in Section 4). We then collect the
proofs of technical estimates in Section 6. Appendix A provides well-known results on the
wetting model, and Appendix B displays a (conditional) FKG inequality on random walks
with distribution Pg (defined in (2.8) below).

2. Description of the model and phase diagram.

2.1. The model. For a polymer of length L € N, the set of its allowed configurations is
denoted by Qi and consists of those trajectories of a 1 4 1-dimensional self-avoiding random
walk on Z? taking unitary steps up, down and to the right and constrained to remain above
the horizontal axis y = 0. An alternative representation of such trajectories can be given by
decomposing them according to their number of horizontal/rightward steps, and the length
and orientation of the vertical stretches in between, that is,

N k
e =l =Uje, ez";Y ltil=L—-N,> >0,k < N}.
N>1 N>1 i=1 i=1

Henceforth, we only use this latter representation and we note that each vertical stretch is
followed by a horizontal step—in particular we assume that all trajectories end with a hori-
zontal step. For every £ € , we denote by Ny its horizontal extension (i.e., its number of
horizontal steps) so that £ € £}, L

With each configuration we associate a Hamiltonian, which takes into account that
monomers are both attracting each other and adsorbed along the x-axis. To be more spe-
cific, a given £ € QZL is assigned an energetic reward 8 > O for every self-touching (i.e., a
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FI1G. 1. Representation of a polymer of length L = 29, with horizontal extension N = 11. Each self-touching (in
red) is rewarded with an energy B, and each contact with the wall (in green) is rewarded with §.

pair of neighboring sites visited nonconsecutively by ¢£) and an energetic reward § > 0 for
every contact with the x-axis (see Figure 1). Thus, define

Ny Ny
2.2) H@O) =B i Alis1+8) Vs gy
i=0 k=1

where the operator A is defined for any x, y € Z by x Ay := min{|x|, | y|}1 {xy<0}> and where
we set £y = £n,4+1 = 0 for notational convenience. At this stage, we introduce the polymer

measure Pﬁ’a, a probability on QZ defined as

GHO®

(2.3) PP (0) = teQf,

_l’_ b
L,B.S

where er’ 8.5 is a normalization term called partition function of the system. The free energy
provides the exponential growth rate of ZZr psin L. It is defined as

1
— Lm — +
2.4) f(B.8)= lim —logZ{ ;5.

(we show that f is well defined in the proof of Theorem 2.2).

REMARK 2.1. The present model may be seen as an advanced version of IPDSAW, that
was introduced in [30]. For the latter model, there is no hard-wall preventing the polymer
to enter the lower half-plane and also no wetting interaction with the hard-wall. As a con-
sequence, the allowed configurations of IPDSAW are obtained by relaxing the constraint
Zf-‘zl £; > 01in (2.1) and the Hamiltonian by removing the term § Z,I{VZI 1 (X, 6i=0) in (2.2).

2.2. Phase diagram. Since the coupling parameters 8 and § are both nonnegative, the
phase diagram is drawn on the first quadrant Q := [0, c0)2. Similarly to what is observed for
IPDSAW (see, e.g., [23] or [5]), the phase diagram can be divided into a collapsed phase C
inside which typical trajectories undergo a self-touching saturation and an extended phase £
inside which the horizontal extension of a typical trajectory is comparable to its total size.
To be more specific, inside C, we expect that a typical trajectory of length L (i.e., £ sampled
from Pﬁ’a) satisfies H (£) = BL 4+ o(L). For this reason its horizontal extension must be small
(i.e., Ny = 0(L)) and its vertical stretches should be long with alternating signs. In &, in turn,
a typical trajectory is expected to be composed of O (L) vertical stretches of finite length
(which is also what is expected at 8 = 0).
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Let us now briefly explain (with three simple observations) why the free energy f (8, )
is equal to B in C. First, f(8, 6) > B for every (8, B) € Q. This inequality derives from
restricting the computation of Z;- Lpstoa unique trajectory lel VL.L given by

(2.5) li=(=D""L—=1) foreveryief{l,...,v/L},

(we assume +/L € N for conciseness) so that H(E) = /8(«/—— 1)2 +8(L—1). Second, those
trajectories in €2 that are performing a self-touching saturation are not many and therefore
they do not carry any entropy. Third, we mentioned above that such saturated trajectories are
made of o(L) stretches and a trajectory may touch the hard-wall at most once per vertical
stretch (recall Figure 1), hence their interactions with the wall cannot be numerous enough
to contribute to the free energy. These three points are sufficient to understand why the free
energy equals 8 in C and thus, it is natural to define the excess free energy of the system as

(2.6) f(B.8=r(B8—B

which allows us to define the extended and the collapsed phases as
C:={(B,8) € Q: f(B,6) =0},
£:=0\C={(8,8)€Q: f(B,8) >0).

Before stating Theorem 2.2 below, we need to settle some notation. We define for any 8 > 0
the following probability distribution on Z:

2.7)

B

— 51kl B/2

e 2 1+e™
D) — — Ikl _

(2.8) Ps(-=k) = o . CB: =7

keZ

For z € Z, we denote by Pg , and Eg ; the law and the associated expectation of a one-
dimensional random walk X := (X;);>0 starting from z (i.e., Pg (X0 = z) = 1) and such
that (X;11 — X;)i>0 1s an 1.i.d. sequence of random variables with law Pg. Then, we let
hg(3) be the free energy of the wetting model that consists of the random walk X constrained
to remain nonnegative and to finish on the x-axis, and pinned at the origin by an energetic
factor §, that is,

.1 5N x,—
(2.9) hﬁ((S):Nh_r)nooﬁlogEﬁ,o[e i=1 X O]I{XEBR,""}]’

where BX,’Jr is the set of nonnegative trajectories of length N ending at 0—more generally,
define for all y > 0,

(2.10) By = {(XpM €ZV; Xy =y, X = OVl <k < N}.

An explicit formula for hg(8) is given in Appendix A (see (A.4)). We also define I'g := c5e_ﬁ
which is decreasing in f, and B. > 0 the unique solution of the equation I'g = 1.

THEOREM 2.2. The boundary between the collapsed and the extended phase can be
characterized explicitly, that is,

where, for every B > B., the quantity 5.(f) is the unique solution in § of
(2.11) logI'g +hpg(8) =0,

which yields the following analytic expression:

sinh(8) + /sinh(8)2 + 1 - eﬂ)

(2.12) 5:(B) zlog( ——



SURFACE TRANSITION OF THE COLLAPSED IPDSAW ALONG A WALL 1543

0 I ‘[
(£ B | |
!
AE Adsorbed-Extended. Adsorbed-Collapsed.
)
DE ,|V
\
0 Desorbed-Extended. Desorbed-Collapsed.
(a) Phase diagram. (b) Geometry of the polymer.

FI1G. 2. Qualitative picture of the phase diagram and the geometry of the polymer in each phase. In this paper,
we rigorously determine the critical line 5.(B) between the extended and collapsed phases, and we characterize
the surface transition critical line 5.(B). No analytic expression has been conjectured for the critical line §.(8)

yet.

REMARK 2.3. Note that our formula for the critical curve in (2.12) was already conjec-
tured in [10], Equation 19, or [14], Equation 21, (both expressions coincide provided we set
kK =e%B) and T = eﬁ). In [10] and [14], the heuristics supporting this formula are based on
some additional assumption and on a computation of the grand canonical partition function
with the help of a transfer matrix.

2.2.1. Discussion. Let us further explain the phenomenon behind the existence of a sur-
face transition inside C that physicists have conjectured (see, e.g., [21], Figure 2). As men-
tioned above, a typical trajectory in the collapsed phase looks like a globule delimited by a
lower envelope and an upper envelope (see their rigorous definition in (3.20)). For L € N,
B > B. and § < §.(B), we prove in Section 4.2 that the lower envelope of a trajectory sam-

pled from Pf’s behaves roughly as a random walk of length O(~/L), constrained to remain
nonnegative, and pinned at the x-axis (hard wall) with intensity §. This leaves us with a
wetting model whose critical point 8e () can be explicitly computed, see (3.7) (and it sat-
isfies 9, ¢(B) < 8c(B)). Thus, when § < fy <(B) the lower-envelope touches the hard-wall only
0(«/_ L) times, whereas when 6 > 5, ¢(B) it remains localized along the hard wall and touches
it O(+/L) times. As a consequence, this wetting transition of the lower envelope is not en-
coded in the excess free energy f (B, 8) (which remains equal to 0 in C) simply because the
number of contacts between the polymer (or equivalently its lower envelope) and the hard-
wall is at most O(«/Z). To be more specific, we claim in Theorem 3.2 below that, in the
exponential growth rate of the partition function (for the single-bead model, see Section 3.2),
S € (56 (B), 8.(B)) only contributes to the surface order term. We further discuss the behavior
of a typical lower envelope in C below the statement of Theorem 3.2.

In order to display a qualitative picture of the phase diagram (see Figure 2), let us end
this discussion with a few words about the extended regime £, where a typical trajectory
of length L is expected to have an horizontal extension of order L. Physicists (see [10] or
[14], Figure 2) have conjectured that another critical curve ’8\6 : [0, B.] — RT divides € into a
Desorbed-Extended phase denoted by DE and an Adsorbed-Extended phase denoted by AE
but there is so far no guess for what the value of gc(ﬂ) could be.

3. Inside the collapsed phase: Restriction to the single-bead model. Asymptotics of
the partition functions.

3.1. Bead decomposition of a trajectory. A trajectory of QZL can be decomposed into a
collection of sub-trajectories called beads. A bead is a succession of nonzero vertical stretches
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FI1G. 3.  Decomposition of a trajectory into a succession of seven beads. For all £ € Qz' and 1 <i < Ny, a new
bead starts at the ith vertical stretch if and only if £;_1€; > 0 (where we recall £y =€, 1 = 0).

with alternating signs, which ends when two consecutive stretches have the same orientation,
or when a stretch has length zero (see Figure 3). To be more specific, we consider £ € Qt and
we recall that Ny is its horizontal extension and that by convention £o = £,+1 = 0. Then, we
set xo = 0 and for j € N such that x; ;| < Ny we set

xj=inf{i Z)Cj_l-i-l: li7\li+1 =0},

so that x; is the index of the last vertical stretch composing the jth bead of £. Finally, we let
n(£) be the number of beads in £, in particular it satisfies x, ¢y = N¢. Thus, we can decompose

any trajectory £ € @ into a succession of beads denoted by B; with j € {1,...,n(£)} as
follows:

n(e) n(e)
(3.1) =B =) U 41, Lx)),

j=1 j=1

where © denotes the concatenation.

A key issue concerning the collapsed phase of our model consists in showing that a typical
trajectory contains a unique macroscopic bead outside which very few monomers are laying.
Such result was derived for IPDSAW in [4] and recently improved in [20]. Its proof requires
some sharp asymptotics of the partition function restricted to beads. Those estimates are a
lot more technical in the model with a hard wall, since the shape of a bead strongly depends
on its position with respect to the wall (i.e., its starting and ending heights). In the present
paper, we consider the model restricted to describe a single-bead which begins and ends at
the wall, see Section 3.2 below for a definition. Not only this restriction makes the model
more tractable, we also conjecture that the multiple-bead model, inside its collapsed phase,
describes a unique macroscopic bead of the same nature as the one studied in this paper, that
is, beginning and ending in the vicinity of the wall.

3.2. Single-bead restriction of the model. Let L € N, and define Qliead the subset of Qz
gathering those trajectories £ constrained to form only one “bead”—all its stretches are of
nonzero length and alternate orientations—and to come back to the wall with its last stretch
(in particular its horizontal extension N, must be even). That is,

2N 2N
) eZ?N: Y |l =L —2N,) =0,
(32) Qb= | L= | = =
’ k

N>1 N>1 .
Zzi >0,Vk <2N,¢;4;11 <0,V1 <i <2N

i=1
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The partition function restricted to such trajectories becomes

L)2
(3.3) Zihe=2, 2 <",
N=1 EELbead
Lo= @2N+1—0

(recall that £g = £2y41 = O for notational convenience). We recall (2.3) and denote by Plie:%d’ 5

the law P’z"S conditioned on £ € Qliead, that is,

eH(l)

‘—~bead ’
ZL ,B,8

(3.4) P (0) =P} (€10 € Q) = e Qbed,

3.3. Surface transition: Asymptotics of the single-bead partition function inside the col-
lapsed phase. The single-bead model undergoes the same phase transition as the full model,
albeit its critical curve differs slightly. Let us define £P2d and £ respectively, the free en-
ergy and excess free energy of the single-bead model,

£, 8) = lim log Zp%ls, and (B, 8) = f2(B, 8) — B.
L— o0 e
Since ¢ forms a single bead (recall (2.5)), it follows that fbead (B,8) =0forall (8,9) € O.

PROPOSITION 3.1. For the single-bead model, we have
(3.5)  Coead:={(B,8) € Q: F™*(B,8) =0} = {(B,8) € Q: B = B, 8 <8U(B)},
where, for every B > fB., the quantity 8?63‘1 (B) is the unique solution in § of

(3.6) 2logTg + hg(8) =0.

Notice that an analytic expression of 8?6"“1(,3) can be derived from (3.6) and (A.4), simi-
larly to (2.12) in Theorem 2.2. Let us now focus on the collapsed phase of the single-bead
model. The surface transition occurs along a curve denoted by 8~C : [Be, 00) > RT where
Se (B) turns out to be the critical point of the wetting model introduced in (2.9), that is for

every B > B,
(3.7) 8:(B) :=inf]8 > 0: hp(8) > 0} = —log(1 — e #/?).

The second identity in (3.7) is proven in Proposition A.1. Definitions (3.6) and (3.7) ensure
us that 8.(8) < 8.(B) < 82°%4(B) for B > B.: thus, the curve 3, : [B, 00) > R™ lies in both
C and Cpeag- We claim in Theorem 3.2 below that the surface order term in the exponential
development of Z tL’ej‘gd s loses its analyticity along that curve.

At this stage, we divide the collapsed phase Cpeaq into a desorbed collapsed phase DC and
an adsorbed collapsed phase AC defined as

DC:={(B,8) € Q: B> Pc. 8§ <3.(B)},
AC:={(B.5) € Q: B> Pe.8.(B) <8 <5(B)},

where we dropped the subscript “bead” to lighten notation. To fully state Theorem 3.2, we
need to introduce some definitions. Let £ be the logarithmic moment generating function of
the distribution Pg (recall (2.8)), that is for any |h| < B/2,

(3.8)

(3.9) L(h) :=log Eg[e"*1],
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and for every h = (ho, h1) € Dg :={(ho, h1) € R2, |hy| < B/2, |ho + h1] < B/2}, define

1
(3.10) ﬁA(h)::f L(hox 4+ hy1)dx,

which is strictly convex on Dg. In [4], Lemma 5.3, it is proven that heDgr—> VLA(h) =
(OngLa, 0, La)(h) isa c! dlffeomorphlsm from Dg to R2, so let h:R2— Dg be its inverse
and from now on we note i~ := h( , -) to tighten notation.

Define g : R2 — R the Legendre transform of £ 4, that is,

3.11) g(q. p):=h""(q.p) — La(R"7").

Since L, is convex, g is convex as well (see [28], Theorem 12.2). It is also nonnegative and
a straightforward differentiation ensures us that

(3.12) Ve(g. p) = (3,8.0p8)(q. p) =h"",
which yields that g is C and strictly convex. With those notations at hand, define

1
(3.13) Q.5 (a): =a<210gF5 +hg(8) — g(g, O)), a € (0, 00).

For 8 > B, and § < 8?“‘1(/3), the quantity 2logI'g + hg(8) is negative. Therefore, ¢(g,s) is
negative on (0, co) and its first two derivatives are computed as

1 1 1
P(p.5)(@) =2logTp + hp(8) — 8(ﬁv 0) + paqg(g, 0>,

” B 1 1 0 2 1 0
¢(ﬁ,5)(0)——a—33qg g, 3 22, .

At this stage, the strict convexity of g combined with the fact that Vg(0,0) = (0, 0) (by
(3.12)) implies that ¢g_s) is strictly concave (since ‘/’6‘},5) < 0on (0, 00)) and that ‘/72,3,5)(‘1) <
0 for a large enough. It remains to write

1 ~-L.0 ~_1_
(3.14) (p’(a):2logrﬁ+hﬁ(5)+ﬁhéaz + L (2,

~==.0 ~ L
and to note that lim,\ o hé“z = g > 0 and that £ 5 (h24? ’0) > 0; hence ¢'(a) > 0 for a suffi-

ciently small. This proves that sup g o) ¢ = ¢(a@) for some a@ = a(B, ) € (0, 00).
Finally, set ®(B, 8) := ¢(g,s)(@(B, §)), let cré be the variance of X under Pg, and recall
(0 2) for the definition of <. Recall also (3.6) and (3.7) for the definitions of 8bead(ﬂ) and

5. <(B), respectively. We now claim our main result.
THEOREM 3.2. Let B > B..
(i) For 8 € 3c(B), 82(B)), then

1
bead _ BLHOBHVL
(3.15) Zs < e

(i1) For é € (0, (SNC(,B)] and € > 0, there exist C > 0 and Lo € N such that for L > Ly,

L+®(B,00vVL+(W(B)—s)L/0 bead CLCD,OL
©-16) PLAPBOVIFWHILT < Zhetl, < et T WL,

(iii) For § =0, then

(3.17) lef%c}s _ eﬂL-i-CD(ﬁ,O)«/Z-i-\IJ(ﬂ)Ll/ﬁ(1+0(1)), as L — oo,
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where

aB,0)03 . 1 291/3
gy = —farl| = Lo (5—0) |
2dig.0)

and ay denotes the first zero (in absolute value) of the Airy function.

These estimate allow us to derive some properties of typical trajectories under the polymer
measure, most notably regarding the number of contacts with the hard wall in the collapsed
phase.

COROLLARY 3.3. Let B > B..
(i) The function § — ®(B,8) is C' on (5.(B), 824(B)). For § € (5.(B), 8°*4(B)) and for

any ¢ > 0 we have
(3.18) Lli_)mooPlzej‘g%(Z1 b0y € [85@(B,8) — &, 8;0(B. 9) +8]JZ) = 1.

(i) For § €10, gc (B)), there exist some K > O (Which only depends on B) such that
N
: bead 1/6
3.19) Lll)moopi%ﬁ (kg 11{Z =0} = KLY ) =1.

REMARK 3.4. e The surface transition occurring along the curve {(8, gc (B)), B > Bc}is
proven by Theorem 3.2(i)—(ii) (and confirmed by Corollary 3.3). Indeed, § > Se (B) implies
that 2g(8) > hg(0) =0, henceg)(ﬁ?g)(a) > @p,0)(a) for a € (0,00), and ®(B,5) > ©(8,0)
(whereas hg(8) =0 forall § <é.(B)).

e In Theorem 3.2(ii), we conjecture that the upper bound is not optimal, and that (iii)
should apply at least for every § < 5:(B). Similarly, for Corollary 3.3(ii), we expect the typical
number of contacts with the hard wall to be of smaller order than L'/,

e In Theorem 3.2(iii), obtaining W () requires to compute the Laplace transform of the
area enclosed by a Brownian meander of length 7'. The first zero of the Airy function a;
appears in the leading order of such Laplace transform as T — oo (see Section 4.4).

3.3.1. Discussion. Let us give some insights into Theorem 3.2. For any trajectory ¢ €
Qbead forming a single bead, we define its lower envelope I := (Ii)f\z(/)z and upper envelope

S :=(S; )NZ/ZH as follow:

2k—1

Ny
(3.20) Skzzﬂi, ke{l,...,7+1},

ZZ,, ke{ ]\278}

and So = Ip = 0. The single-bead constraint ensures that S (resp. /) describes the topmost
(resp. bottommost) layer of the polymer (see Figure 4).

In Section 4.1 below we show that, under the polymer measure, the envelopes / and S of a
given single-bead configuration may be sampled as trajectories of nonnegative random walk
bridges that are coupled via geometric constraints. In Section 4.2 we break that geometric
coupling and integrate over S so that I can be investigated on its own (see (4.10)). However,
this comes with a cost (see Proposition 4.2 below), the law of I being perturbed by:
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Sy

FI1G. 4. Representation of a single-bead trajectory, with its upper envelope (in red) and its lower envelope (in
green) respectively described by the sequences S and I.

1. a wetting term 8 > ,](V:l 1{7,=0) which comes from the fact that the polymer (or equiv-
alently its lower envelope) is adsorbed along the hard wall,

2. apre-wetting term proportional to —An(I)/N where Ay (/) is the area below I (see
(4.6)). The latter penalization comes from the fact that the upper envelope S must sweep an
abnormally large area, that is, Ay (S) = Ayn(I) + gN 2 with q > 0. Therefore, S, which is
already in a large deviation regime, pushes down the lower envelope I so as to keep Ay (/)
small.

The influence of a pre-wetting term on a 1 + 1-dimensional random walk constrained to
remain positive has already been studied in [13] and [15] (see also [16] for a review). Among
physical motivations is, for example, the study of a liquid-gas interface when a thermody-
namically stable gas is in contact with a substrate (hard-wall) that has a strong preference for
the liquid phase, with the temperature decreasing to the liquid/gas critical point. From this
point of view, the present paper displays a new example of a physical object (i.e., the lower
envelope of a collapsed homopolymer interacting with a hard wall) associated with a model
for which pre-wetting appears naturally.

As stated in Theorem 3.2, the pre-wetting term does not have an influence on the lower-
envelope inside AC since the pinning term is strong enough to keep the lower envelope at
finite distance from the hard-wall. Inside DC, in turn the pre-wetting term should dominate
and we expect that [13], Theorem 1.2, also applies here, implying that / has fluctuations of
order L'/® (its length being ~/L).

3.4. Open problems. From a mathematical point of view, there are still many issues that
remain to be settled concerning the present model. Let us list a few here.

1. Consider the multiple-bead model (defined in (2.1)—(2.4)) and prove that, inside its
collapsed phase C, it undergoes the same surface transition as the single-bead model. We
conjecture that it takes place along the very same critical curve 8 8¢(p) than in the single-
bead model (even though the phases C and Cpeqq differ slightly). However, this is actually a
very intricate matter to investigate, since the bead decomposition requires us to consider the
heights of starting and ending points of each bead in addition to their length. Moreover, our
estimates for the single-bead model rely noticeably on the observation that the area enclosed
by the lower envelope is not too large (Ay(I) = O(N 3/2y), since the bead is close to the
wall. This observation fails for beads away from the wall, for instance when the height of
their starting and/or ending point are of order N. For such beads the pressure applied by
the upper envelope should push the lower envelope from at most standard fluctuations into a
large deviation trajectory (around a convex profile). Furthermore, the interaction between the
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wall and the lower envelope seems very intricate to study, even regarding the critical value
of the adsorption transition. Thus, the variational problem (3.13) for those beads—hence the
surface term in the logarithmic development of their partition function—should differ from
beads close to the wall (even though trajectories involving faraway beads are expected to be
unlikely in the collapsed multiple-bead model).

2. For the multiple-bead model again, prove that a typical trajectory is made of a unique
macroscopic bead, and give a bound on the number of monomers that may lay outside this
bead. A similar result was proven in [4], Theorem C, and [20] for the model without wall,
and comforts us in the idea that, in the Collapsed phase, the single-bead model encapsulates
quite accurately the behavior of its multiple-bead counterpart.

3. Consider a random walk (X,-)lN: o of law Pg o (recall (2.8)) constrained to remain
nonnegative and perturbed by both a wetting and a pre-wetting terms of parameter § and y
respectively, that is,

N _r
3.21) Eﬁ’o[e(szl‘:] 1[1k:0}1{1632;+}e NAN(X)].

Display sharp asymptotics for the partition function in (3.21) when § is not larger than the
critical point of the pure wetting model (i.e., § < 8¢(B)). Such estimates would be the key to
improve Theorem 3.2 and Corollary 3.3 in DC. Note that a related model has been considered
in the physics literature in [1] to investigate a system where two phases A and B are coexisting
on top of a horizontal hard wall. Depending on the chemical affinities between phase A and
phase B on the one hand and between the wall and the phases A and B on the other hand, a
film of solvent B may appear between the wall and phase A. Among other results, the typical
width of such film and the correlation lengths in the system are derived by using spectral
tools.

4. Provide a characterization of the critical curve dividing £ into an Adsorbed-Extended
phase and a Desorbed-Extended phase. In the Extended regime, the bead decomposition and
upper/lower envelopes description are far less efficient, so a whole different approach may be
needed.

4. Proof of Theorem 3.2. We divide the proof of Theorem 3.2 into six steps. First,
we adapt the random-walk representation of IPDSAW initially introduced in [23] to the
present single-bead model. We derive a probabilistic representation of the partition function
by rewriting, for every N < L /2, the contribution to the partition function of those trajecto-
ries made of 2N stretches, in terms of two auxiliary random walks § and /. One particularity
comes from the fact that / and S are coupled since the area enclosed in-between S and /
is imposed by the length of the polymer, and another one comes from the single-bead con-
straint which implies that they cannot cross trajectories: hence S (resp. I) plays the role of
the upper envelope (resp. lower envelope) of the polymer. The second step consists in break-
ing the geometric coupling between I and S. This is achieved by integrating over S, and
transforming the area constraint into an exponential perturbation of the law of /. In the third
and fourth steps, we estimate the partition function of the lower envelope I, in AC and DC
respectively. Finally, the fifth step proves that inside the collapsed phase, the horizontal ex-
tension of a typical trajectory is of order /L, and the sixth step collects all those estimates to
prove Theorem 3.2.

4.1. Step 1: Random-walk representation. The understanding of IPDSAW (recall Re-
mark 2.1) has recently been improved (see [5] for a review). The key tool was a new proba-
bilistic representation of the partition function based on an auxiliary random walk conditioned
to enclose a prescribed area. It turns out that this representation is of substantial help for the
present model as well but under a different form. This is the object of the present step.
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Let us first provide a probabilistic description of the single-bead partition function Z lzej‘gd 5

We recall (2.2) and (3.3) and we observe that
~ x|+ |yl —|x + yl

(41) X/\y: 2 , X,yGZ.

Hence the single-bead partition function can be written as
L/2 .

4.2) de%d(g =ePL Z e BN Z e—g Y i+t Ie(S Lii Yk, =0}
N=1 ek

Lo=Crn+1=0

At this stage, we recall (2.8) and we consider two independent random walks S := (S;)i>0
and I := (I;);>0 of law Pg . We notice that for every £ € ﬁ',’vef‘f (with £9 = £on4+1 = 0) the
first factor in the second sum in (4.2) satisfies

— BN it

4.3)

2k—1 2k
—cﬂN“Pﬁo(sk— ZE,,Vk<N+1>Pﬁ0<Ik ZE,,Vk<N)
i=0 i=0
Let us introduce a one-to-one correspondence between trajectories (¢; )2N e 72N+2 with
€= Llon+1 =0, and (SN € ZNV2, (1HN, € ZNF! with Sy = Ip =0 and Sy11 = I, by
letting Sy = ZZk 16,, ViI<k<N+1land [} = ZZ o%i, Y1 <k < N. Then, constraints on
le ER,eaf can be transcribed to S and I (recall (3.2)). Indeed, Z IZ = 0 is equivalent to

SnN+1=1Iy =0, and lel ¢; >0,Vk <2N isequivalentto §; >0,Vi <N+ 1and [; >0,
Vi < N. Besides, we can write

2N N N+1
(4.4) Dol =)k — Sl + Y 1Sk — ie1l =: G(S. 1),
i=1 k=1 k=1

which is the “geometric area” between S and /, and it is constrained to be equal to L — 2N
in ,Cl;\‘f’af. Finally, £;¢;+1 <0,V1 <i < 2N is equivalent to S > I where we define

4.5) {S > I} :={Sk > max(Ix, [x—1),V1 <k < N}.

In particular this means that in the single-bead model, S remains above [ (thereby we respec-
tively call S and 7 the upper and lower envelopes of the polymer—recall Figure 4), and it
implies that we can rewrite the geometric area G (S, I): defining the signed area as

n
(4.6) An(X) =) X,
i=0

for any n € N and (Xy);_, € 7"+, we then have that {S > I} and Sy4+1 = Iy = 0 imply
G(S, 1) =2(An+1(S) — An (D).

Going back to (4.2) and plugging (4.3) in, those observations prove that we can rewrite the
partition function as follows. Let Pg  denote the law of a random walk on Z starting from x
with increments distributed as Pg (henceforward, we omit the x-dependence in Pg , when x

is clear from context). Recall that I'g = cg e P, and Bgﬁ' is defined in (2.10).

PROPOSITION 4.1. For8>0,§>0and L > 1,

L2

1
~bead . zbead Z 2N pybead
4.7 ZLG% § = T _BL Le% 5 — (F,B) D]\?:L >
clge N—1 N
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with g% := (L —2N)/2N?, and for q € (0, 00) N ZNZ,

bead ._ 8 vy W=
@8) DR =B o[ T o o s g 9=avyany )
where S, I are two independent random walks distributed as Ppg .

Our aim is to provide sharp estimates on the partition function Z lzej‘gd s- To that purpose, we

need to estimate D?\ﬁf;d uniformly in ¢ € [g1, g2] N N for any 0 < g1 < g2 fixed.

2N2

4.2. Step 2: Integrating over S in Dbe“d. With Proposition 4.2 below, we show that the
geometric constraint imposed to / and S can be relaxed provided we introduce an exponential
perturbation to the law of 7, thus breaking the coupling between / and S.

Recall the definition of g : R? - R the Legendre transform of £ in (3.11) that is C2,
strictly convex and satisfies (3.12). We claim below that g is also the rate function of a large
deviation principle associated to the couple Ay := (An(X)/N, Xy) under Pg (see the proof
of Proposition 4.3).

PROPOSITION 4.2. Fix some q2 > q1 > 0. Then

—Ng(q.0)
bead __ € bead
“9) R
uniformly in q € [q1, g2]1 N ZIWN’ where
bead . SN = —0,2(q.0) 2N D
(410) ENej; = Eﬂ’o[e Zk_l {1y 0}1{IEB%+}6 qg(q ) N ]

Outline of the proof of Proposition 4.2. Obtaining an upper bound on Dbei‘]d is rather
straightforward: we simply remove the events {S > I} and {S; > 0,V0 <i < N + 1} from
the definition of Dbe?;d and then apply large deviation estimate for the signed area Ay 41(S)
of the upper envelope. The proof of the lower bound is more involved and consists of the
following.

1. Getting rid of the event {S > I} by first introducing a stronger constraint, that is, S
(resp. I) remains above (resp. below) some deterministic curves.

2. Conditioning on / that remains below the deterministic curve introduced in (a) and
integrating over S. Then, with the help of large deviation estimates for random walks en-

closing very large area, proving that the events {S € BN—H} and {Ay41(S) =gN?>+ Ax(I)}

have a probability me"v 8(4.0)p=%s (4.0 and that the cost for § to remain above the
deterministic curve introduced in (a) is bounded from below by a constant,

3. Getting rid of the additional constraint on / introduced in (a) with an FKG inequality,
by observing that the random walk / whose law is penalized exponentially by —%A N()
typically remains below its unpenalized counterpart.

Proof of the lower bound in (4.9).

Integrating on the upper envelope S. To begin with, we constrain the upper and lower
envelopes to remain respectively above and below some fixed curves. In particular this allows
us to handle the condition S > I. Define f(¢) :=y (¢t A (1 —1)),t€[0,1],and

fs(k) := <N+1>f( >+Ks, Vi<k<N,

N+1
4.11) +

fr(k) == Nf(%) +K;, VI<k<N-1,
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f1(k) Iy RN

FIG. 5. Representation of the constraints on S, I, for N large. The piecewise linear curves ftg and f~1 are above
the wall, reaching a height of order N in the middle and bounded at both ends. S is constrained to remain above
fg and I below f]

where y, Kg, K7 > 0 are constants. If we constrain Sx, 1 <k < N (resp. I, 1 <k <N —1)
to remain above fS (k) (resp. below f1 (k)), and provided that Ks — K; > 1+ y, then we have

S > fs(k),V1 <k < N;

4.12) {S=1}D> ~
I < f1k),YI<k<N -1

Geometrically, f (k) is a piecewise linear curve above the wall of order N when k = N /2,
and constant at its ends. The constants Kg, K; are only there for technical purposes and
are mostly irrelevant when N is large (see Figure 5). More precisely, we fix y such that
Proposition 4.3 below applies (for any Ks > 0), then we fix K; when applying Lemma 4.5,
and we finally fix K5 > K such that (4.12) holds.

We also add the constraint {Ay (I) < C4 N3/}, where C4 > 0 is some constant which will
also be fixed when applying Lemma 4.5 below. Let us condition Dbead over the trajectory [
(recall (4.8)), so that we separate the constraints on / and S and we obtam the lower bound

bead 8 v W= ybead
(413) D ea > Elg’()[e Zkfl Uk 0}1{16310\;+} {AN(I)<CAN3/2 {[k<f1(k) V1</<<N}D 4 (I)]
with:

phead
(4.14) g (D =Egollsy =011 Ay, $)=Ay ()+gN2} (8> Fetk) 1<k <N+1} 1T ]-

Letus fix I = ()N «—1 Which satisfies all constraints in (4.13). Proposition 4.3 below allows
us to estimate levezd(l ) up to uniform constant factors. We postpone the proof to Section 6.3.

PROPOSITION 4.3. Let ¢ > 0 and q1 < g2, p1 < p2 € R. There exists y > 0 such that
forall Kg > 0, there exist C» > C1 > 0 and Ny € N such that for every N > Ny, one has

C
_le—Ng(q,p) <Ego[1

Nz (Xn=pN, Ay ()=gN?} 1 (X, = T vi <k <))

(4.15)

Cy
=< Eﬁ’0[1{XN:]7N,AN(X)=qN2}] < me g(‘lv[?)’

where we define f (k) :==Nf (%) + kp 4+ Kgs, and these bounds hold uniformly in q €
[91, 4210 555, p € [p1, pal N 5 satisfying p <2q —&.

REMARK 4.4.

(i) Although we only use Proposition 4.3 with p = 0, we prove it in the general case
(p # 0) because such estimates will be useful when studying the model without the single-
bead restriction.
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(ii) The assumption ¢ > 23 + is required to ensure that the area enclosed in between the

straight line from (0, 0) to (N pN) and a random walk trajectory from (0, 0) to (N, pN)
satisfying Ay (X) = g N? remains large, that is, larger than e N% /2. Such random walk trajec-
tories are of large deviation type and concentrate on their mean profile which is a g-dependent
concave curve above the straight line from (0, 0) to (N, pN) and even above f provided y
is chosen small enough. Notice that the assumption g = p would yield a trajectory with a
linear mean profile from (0,0) to (N, pN), and a lower Value of g would yield a convex
mean profile (below the linear trajectory).

(ii1) If we remove the constraint {X; > f (k),V1 <k < N} from (4.15), the proof of
Proposition 4.3 was known from [7], eq. (4.14) & Theorem 4.2, for random walks on Z
whose increments have finite small exponential moments. In this case, the method consists in
tilting the law of the N first increments in such a way that the event (Ay, Xn) = (gN 2 pN)
becomes typical and to apply subsequently a Gnedenko type central limit Theorem. In [4],
Proposition 2.5, the case p = 0 with the constraint {X; > 0, V1 < k < N} was considered and
a lower bound C/N*e~N8P) was obtained with some k > 2. Proposition 4.3 substantially
reinforces this latter lower bound by proving that the constraint {Xj > f(k),¥1 <k < N}
only costs up to a constant factor. Heuristically, this comes from the fact that after tilting the
increments of the random walk in such a way that their expected profile matches the prescrip-
tion (Ay, Xn) = (gN 2 pN), the increments close to the origin (resp. close to the endpoint)
have a positive drift uniformly bounded from below by a positive constant (resp. a negative
drift bounded from above by a negative constant) and therefore the walk does not return to
the origin between time 1 and N — 1 with positive probability.

Recall (4.14), and let p’ =0, ¢’ := (gN* + An(I))/(N + 1). Under our assumptions,
there is a compact subset [g], g5] C (0, 00) and Ny € N such that ¢" € [¢}, g5] for all N >
No, g € [q1, q2] and [ satisfying all constraints from (4.13) (recall that Ay (1) = O(N3/?)).
Moreover, we have 0 = p’ < ¢{/2, hence we can apply Proposition 4.3 to 53}’?([ ), and we
obtain the uniform bound for N > Ny,

(416) Dbead(l) > 2 C3 —Ng(q O)

Now recall that g is C? and convex, so there exists C3 > 0 such that

2(¢.0) < g(q.0) + 9,2(q.0)(¢' — q) + C3(¢’ — q)*

uniformly in g € [¢1, 2] and ¢’ € [¢], g}]. Recall that Ay (1) = O (N>/?), and notice ¢’ —q =
AN(I) + O(1/N). Thereby (4.16) becomes

Ax (D)

4.17) Phed(ry > =4 €4 Ng(@.0-3,8(.0)
N2

where Cy is uniform in g € [g1, g2] N % and /. Plugging (4.17) into (4.13), we obtain

C4 N

b d —Ng ,O 5 V4 _

(4.18) D = N2° “ )Eﬂ’o[e i 0}1{1e30ﬂ+}1{AN(1)5cANs/z}

. An ()
~ 0 N

X< Faovizkene ECOTNT].

Recall that g is nonnegative, and let us point out that 9, g(q, 0) = ﬁg’o > 0 for all g > 0 (recall
(3.12), and see [4] or Section 6.3, Rem. 5.5).
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Relaxing some constraints on the lower envelope 1. Our goal now is to drop the events
{Iy < f1(k),Y1 <k < N} and {Ay(I) < CoN>/?} in the right-hand side in (4.18) by paying
up to a constant factor uniform in N > Ny and g € [q1, g2]. To that aim, we use an FKG

inequality. Indeed, notice that the functions
Apn (x)
x = ()l > 8 Tio =0 ~008(0.0) =

and x> Ty < 70 i<k <N} Ay (0 <CAN32)>

are both bounded and nonincreasing on B%T, where we say that f : BR;“L — R is nonin-

creasing if for all x, y € B](z,’“L such that x; < y, V1 <k < N, one has f(x) > f(y). Thereby
the FKG inequality claimed in Proposition B.1 yields that

An(X
=980 x ¢ pO]

Egof 83001 100=0) 4 ~
B.0L€ {(Xp<f1(k),V1<k<N;Ay(x)<CoN3/2}€

(4.19) >Ppo(Xi < f1(k),V1 <k < N; An(X) < CAN*?X € BY™T)

N B AN
x Eﬂ,o[eszk:mxk:% 9,8(q,0) =g 1X € B%Jr].

Finally, the first factor of the right-hand side is bounded from below by some constant (close
to 1) by the following lemma, which is proven in Section 6.1.

LEMMA 4.5. Lete,y > 0. There exist C4, K1 > 0 and Ng € N such that
(4.20) Pso(Xx < f1(k),V1 <k < N; Ay(X) <CaN?|X € ByT) =15,
forall N = Ny.

By recollecting (4.18) and (4.19), and provided that C4, K are sufficiently large to apply
Lemma 4.5, we conclude that for every N > Ny and every g € [g1, q2] N % we have

’ N

which completes the proof of the lower bound. [

Proof of the upper bound in (4.9). We recall (4.8) and we bound DR,"”Zd from above by re-
laxing partially the constraints on S-more precisely the constraints {S > I} and {S; > 0, V1 <
i < N}. Therefore,

bead SYN =
um DRy <Epole" =107 oot syr=0) ay. 9=ay 1)) )

= Epgole’ X o0 oy DRAD)).

{1eBY Ty N.q
with

BR(1) =Py o[ Sn1 = 0. An1(S) = An (1) + g NI 1.
In order to get uniform bounds on 5}’{2‘1(1 ) with Proposition 4.3, we need to drop those [
sweeping a too large area. To that aim, for any ¢ > 0, we rewrite (4.22) as ZN)R%C‘ < Rllv,q (c) +
R ,(c) with

1 . SYN Ay ~bead
Ry ,(c) :==Egle izt M ()}1{IEB%+,AN(1)§CN2}DNeflq (D],

2 . SYN Ay ~bead
Ry ,(c) :=Egle =t ()}1{1631%+,AN(1)>cN2}D1\’eZ (D],
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and we write the very crude bound
2 SN 2] < N
R} (@) < VP o[An(I) > cN?] < Vg, o[lrgzgvl > cN]
(4.23) N
< eaNPﬂ,o[Z |[I; — I;i—1]| > CN].
i=1

Then, we set M := 1+ max{g(q,0), g € [q1, q2]} and we use the fact that (I; — [;_1);>] are
i.i.d. with finite small exponential moments to conclude (via a Markov exponential inequality)

that there exists a cps s > 0 such that for every N > Ng and g € [q1, ¢2] N 2N2 s

(4.24) Ry (cms) <e ™V,

Let us now consider Rzlv, q(cM,(;) and use Proposition 4.3 to assert that there exists Cg > 0
and Nyg € N (depending on M) such that for every N > No, g € [q1, g2]1N % and [/ satisfying
Anv(I) < cM,(;N2 we have

Dbead(l) < C6 —Ng(q 0)

with ¢’ = (¢ N2+ An )/ (N + 1)2. Recall that g is convex, therefore we can bound g(gq’, 0)
from below with

8(q',0) > g(q,0) + 9,8(q.0)(¢" — g)-
Moreover ¢’ — g = AN(I) + O(1/N), thus,

C; _
Ry q(ems) < me g(q.0ON

Ay

(4.25) x B o[ Th=t =01 1 ~08(¢.0 %]

{IEB%+,AN(1)SCM,5N2}

< &7 50N ghead
N2 N.g>

where we recall (4.10).

Our proof will be complete once we show that for N large enough and for every g €
g1, 921N %, the right-hand side in (4.24) (i.e., e~MNY is not larger than the right-hand side
in (4.25). To that aim, we write the lower bound

EXY >Pgo(An(I) < CaAN*? | 1 € BYY)
(4.26)
x Pgo(l € Bg;+)e—max{qu(q,O)yqe[ql,qzl}CA«/N’

for any C4 > 0, where we constrained the walk to have area at most C4N3/2. A direct con-
sequence of Lemma 4.5 is that there exist C4, Cg > 0 such that for N large enough,
Pso(An (1) < CANY?|1 € BYT) = Gy,

(more generally this follows from an invariance principle on nonnegative random walk
bridges, see (6.2) below). The second factor in (4.26) is bounded from below by Co N —3/2
for some Cy (see (6.1)). Recalling that g — 9, g(g, 0) is continuous on [ay, az], we conclude

that there exists Cjg, ¢y > 0 such that for N large enough and every g € [¢1, ¢2] N %2, we
have
Cio _.
bead JN
4.27) ENy > N3/2 aviy.

Recalling that M = 1 + max{g(q,0),q € [q1, ¢g2]} > 0, it suffices to combine (4.24) with
(4.25) and (4.27) to complete the proof of the upper bound in (4.9). [
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4.3. Step 3: Area-penalized wetting model for § > 5-(B). In this section, we give esti-
mates on ERﬁZd when § > §.(8)—in particular in the phase AC. Notice that Elb\,ezd is the

partition function of a wetting model with an additional pre-wetting term. Let va’jt  be the

standard wetting partition function (without pre-wetting, see (A.1)). Such wetting models
have already been studied extensively by mathematicians—we provide well-known results
on them in Proposition A.1. Recall that §.(8) = inf{§ > 0, hg(8) > 0} is the critical point of

B.é

the wetting model Z_,; .

hg(8) is its free energy, and < is defined in (0.2).
PROPOSITION 4.6. Let q» > g1 > 0, and assume § > Sc(ﬂ). Then Eg,ezd = eBON ypj-
formly in q € [q1, q2].

PROOF. The upper bound is a straightforward consequence of the inequality ER,E’Zd <
zP3 n and Proposition A.1 (ii). For the lower bound, we first bound 9d,g(g,0) by some

wet,
¢ > 0forall g € [q1, g2] (recall that it is a continuous and positive function), then decompose

trajectories in Elb\?zd into excursions:

N r Ay (1)
(4.28) EF«¥=%" > JlKpt)e’Egole 7 |t =11, =0],
r=11<ty,....t,<N,i=1
t++t =N

where we define v =inf{r > 1;I; <0} and Kg(t) =Pgo(r =1,1; =0), t > 1 as in Ap-
pendix A. Using Jensen’s inequality, we can claim that

Ar(D) L1 — —
(4.29) Egole N |t=1,1,=0] > e wEpolADIr=t.1=01 "4 o |y,

Moreover, by using the inequality Eg o(|A;(1)]) < Ego(/11]) Z;:l j combined with (A.2)
we can state that there exists a ¢ > 0 such that

(4.30) Ego[A(D|t=1,I, =0] <Ego(|A(D|)Kg(t)"' <&”/?, teN.

Using (4.28)—(4.30), we obtain that there exists a ¢ > 0 such that

N r 172

(4.31) EF¥=%" > J]kKstele v
r=11<t;,....t<N,i=1
i+ +t,=N

Since § > SNC (B), equation (A.3) guarantees that
(4.32) Qoo(t) = Kp(t)ele 8" 1 eN,
is a probability distribution on N. We also define, for all N € N,
(4.33) On(t):=Kg (t)e‘se—hNte—%ﬂ/z’ teN,
where Ay is the unique solution of
(4.34) S Kpn)ede e F = 1,

t>1

Notice that Ay < hg(8) and hy — hg(8) as N — oo. Plugging these notations into (4.31),
we have

(4.35) EX4>e"Noy (Ne?),

where T is a renewal process in N whose inter-arrival distribution is given by Qy.
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LEMMA 4.7. There is C11 > 0 such that, for all N € N,
C
(4.36) 0<hg()—hny = #

PROOF. We already stated that 7y < hg(8) for all N € N. Using that O and Qy are
probability distributions on N, we write

Z K'B(t)eae—hﬂ(a)l(e(hﬁ(é)—hN)t Z Kﬁ([)€5 —hNt( —e %17/2) > 0.

t>1 t>1
We bound the left-hand side from below using ehp®—hnt _ 1 > (hg(8) —hn)t > hg(8)—hy
for all > 1 and (4.32), so

hp(8) —hy <Y Kp()ebe V' (1 -

t>1

_ 1472
NI

).

Since limy o0 iy = hg(8), we have some Np € N such that Ay > hg(8)/2 for all N > Ny.
Moreover, 1 — e~ < Cﬁ]ﬂ/z, so for all N > N,

hp(8) —hy < % S Kp(t)ebe s ®/21712,

t>1

and that sum is finite, which concludes the proof. [J

Applying this lemma to (4.35), we obtain
(4.37) ENul > CretOVoy (N e,

and therefore the proof will be complete once we show that liminfy Qn (N € 7)) > 0. Ap-
plying the main theorem from [22], there is M a random variable with distribution Geom(b),
b € (0,1), and a sequence Z; = C' 4+ ¢;, i > 1 where C’ > 0 and (¢;);ey are i.i.d. variables
with distribution Exp(a), a > 0, such that M and (Z;);cn are independent, and

(4.38) QN(ner)——’ <C13P<ZZ >n>

i=1

for all n € N and N € N, where uy := Egy[71] € (0,00). The key feature here is that
C’,C13>0,a>0and b € (0, 1) can be taken uniformly in N € N. We do not write the
details here as it suffices to check the proof in [22]—more precisely one has to use that
On(t) < C14Qco(t) uniformly in N, ¢ € N (this follows from Lemma 4.7) in [22], (2.9), and
On(t) = C15Qc0(t) uniformly in N € N and finitely many ¢ € N in [22], (2.13).

In pilrticular when n = N, the right-hand side in (4.38) decaysto O as N — oo, so Qn (N €

T) — Ly converges to 0 as N — oo. Finally, we note that limy_, 0o un = oo :==Eg[T1] €

(0, c0) (by dominated convergence theorem). Thus, On (N € 1) > ZMLQC for N sufficiently
large, and this concludes the proof of Proposition 4.6. [

4.4. Step 4: Area-penalized wetting model for § < 8e (B). Estimates of Ebezd in the phase

DC are more involved than in AC. Actually we only manage to find a sharp asymptotic of
E b‘i“qd when 6 = 0. To lighten upcoming notations, let us define for all y > 0,

An )

(4.39) En(y)=Epo[e™ V1 pos]-

Recall that ag is the variance of I; under Pg.
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Forany T > 0 and y > 0, let (/\/lf 7)sef0,7] denote the Brownian meander on [0, T'] start-
ing from y—henceforth we denote its law with P and its expectation with E. When y > 0, it
has the same law as the Brownian motion starting from y and conditioned to remain positive
on [0, T']. Define, for all y > 0,

1
(4.40) J(r)i= lim —logE[e™ 1 Muird] = 2=/, 23,

where a; denotes the smallest zero (in absolute value) of the Airy function. More precisely,
: —y JT MO ds —yT32 (L MO ds .

one notices E[e” 770 s T =E[e 0 s.1%7], and the latter expectation has been com-
puted analytically in [29] (see also [17], (209)), which leads to the second identity. We claim

the following.

PROPOSITION 4.8. One has

4.41) log En(y) —> J(ogy),

N1/3
locally uniformly in y € (0, 00).

REMARK 4.9. In [15], Lemma 1 and Theorem 2 provide a result that is close in spirit
to our Proposition 4.8 but in a broader framework. To be more specific, the authors consider
a random walk X = (X ,-)fV: o on Z with i.i.d. increments that are symmetric with finite ex-
ponential moments. Let us denote by p the law of the random walk an by E,; its associated
expectation. For A > 0 the following partition function is considered:

_yN :
(4.42) Zy 42 (%) = Bp[e™ 2= 01 o],

where V; : [0, 00) — [0, 00) is a continuous increasing function satisfying V, (0) = 0 and
lim,_, 5 V) (x) = co. The free energy associated with the partition function in (4.42) is de-
noted by e;. With [15], Lemma 1, the authors prove that e, is bounded away from O and
00 as A N\ 0 and subsequently, with Theorem 2, they identify lim,\ o e; by using tools from
spectral theory. In that latter framework, our Proposition 4.8 would correspond to V) (x) = Ax
in the case where A decays with the system size, thatis, A =y /N.

The proof of Lemma 1 in [15] is very different from that of Proposition 4.8, the common
point though being the decomposition of {0, ..., N} into blocks whose size are comparable
to the correlation length of the system (N2/3 here and Hf the solution in H of H>V;(H) =1
in [15]). On such blocks, an invariance principle can be applied to the random walk rescaled
in time/space by N2/3 and N'/3 here and by Hf and H, in [15].

PROOF. First, we claim that it suffices to prove the pointwise convergence. Indeed, one
notices that y — J(ogy) is continuous, and y Nl ~175 1og En () 1s nonincreasing for any
N € N. It is well known that those assumptions put together with the pointwise convergence
imply the locally uniform convergence; see, for example, [27], Proposition 2.1, for a proof.

Notice also that Jl I is arandom walk on GLZ with variance 1, and upcoming computations
still hold when replacing y with ogy. Hence, we can assume without loss generality that
o =1.

ﬂUpper bound. Let N e N and T > 0, and let us denote Ny := LTN2/3J. Set also ay =
LN/Nt]. We decompose a trajectory contributing to Ex(y) into ay blocks of length Nr
and a remaining block of length at most Nr. We apply Markov property at times j N7 for
j €{l,...,an} and we bound the contribution of the very last block by 1 to obtain

a
(4.43) En(y) < (SugEﬁ,x[ A )1{IEBN ﬂ) .
RS
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where forn € N, B := {(Xk)i— € Z"; Xy > OV1 < k < n} and where, for x € Z, we recall
the definitions of Pg , and Eg , from (2.8).

LEMMA 4.10. Fora > 0 and m € Ny,
X Eﬂ,x[e*"‘Am(l)ll € Bnﬂ,

is nonincreasing on Ny. This also holds when conditioning over B,(,)ﬁ instead of B}t .

We postpone the proof of this lemma to Section 6.2. Choosing « = y /N and applying

N1/3 log to (4.43) (and because Pg, x(B+) < 1), we obtain

_z
N5 02 ENG) = log<supE/3 [e=FAN (D] ¢ B;\?TD
(4.44)

! — L Ay, (D) +
§<1+N—T)?10gE5’0[€ NNt |IEBNT]’

for all N, T'. Moreover the process (51751 |4n2/3))sef0,7] conditioned to remain nonnegative

1
N3
converges weakly as N — oo to the Brownian meander (M?’T) sefo,7] in the set of cadlag
functions on [0, T'] endowed with the uniform convergence topology (see [2], Theorem 3.2),

and the swiped area is a continuous function of the trajectory. Thereby,

(4.45) Jim E/go[e NANT<’>|IeB+] [exp( /M )]

for all y > 0. Recollecting (4.44), we have for any fixed 7" > 0,

lgn_)sule logEN(y)<llog( [exp( //\/l )})

Choosing T > 0 arbitrarily large, we conclude
1
limsup ——=log En(y) < J(¥).
N—o00 /
Lower bound. It remains to prove that
1
(4.46) liminf —— log En (y) > J (y).
N—oo /
Let us settle some notation, that is, for k1 < k2 € R and N € N we define Oy, «, N :=
[/qN%,/QN%]. For A >0, N,n e Nand x, y € Ny we set

Xy ._ XA,
Gyn=Epgle™ ( H{IeB;f‘*}]’
(4.47) ~ ,
and G’]‘V’A,n = Z Gf\,yn
Y€OA /2. AN

Let also N e Nand T > 0, and define Ny := LTN2/3J and ay ;= |[(N — 2N7)/(NT +2)]
(where ay > 0 as soon as N > 8T3). We decompose a trajectory in En(y) into ay + 2
blocks: the first block has length N7, the ay following blocks have length N7 + 2, and the
final block has length p Nt for some p € [1,2 + NLT]. We restrict Ex(y) to those trajectories
located inside Oa 2 A, at times N7 and (j + 1)Nr + 2 for every j € {1,...,an}. Then,
applying Markov property at those times we obtain

(4.48) EN() =G\ oy, [Gn o np2]™inf G;C\;,O,DNT’

x€Oa2,AN
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with
(4.49) GN,A,n = inf G;CV,A,n'

x€OA/2,AN

We prove (4.46) subject to claims 1, 2, 3 and 4 below. Before stating those claims, we need
some additional notation. For A > 0, n € Nand N € N, we set

(4.50) U ani=Egole 74D Jj€{1,2,3},

~ 1 . ,
{IGBIAN1/3} {Ine(’)JA!N}]

with

~ —AN'3 —AN'/3
Opn = < ’ )

’ 2 4
. _AN]/3 - AN1/3
OZA,N = [T,()), and OSA’N = |:0, 4 ],

and where we introduce for «k >0 and n € N,

EIK = {(Xi)?zl eZ"; X; > —%,Vl <i<n, X, > _g}

Claim 1 handles the first and last factors in (4.{1\8). Claim 2 combined with Claim 3 allows
us to get rid of the infimum in the definition of Gy A , in (4.49) and replace it by U 1{, ant

U 1%, A.n- On this latter quantity one may apply an FKG inequality and get rid of the constraint
{I, € Opap2,a,N} 1D (A}N,A,n. Claim 4 is used at the end of the proof to retrieve J ().

CLAIM 1. For A>0and T > 0, one has

. 1 =0 . 1 . x,O
@sy - lim Sr10g Gl pwy = Jim Trlog(_jnf  GRly) =0
uniformly in p € [1, 3].
CLAIM 2. For A>0and N,n € N,

~ y An . 2 3
(4.52) GN.A.n > €exp N3 mln{UNvA’”,UN’A’n}.
CLAIM 3. There exists a C > 0 such that for A >0 and N,n € N,
j yAn j+1 .
(4.53) Ulan< Cexp(W)U](,’A’nH, for j €{1,2}.

CLAIM 4. One has

1
(4.54) lim sup lim sup = logE[e_nyT MGy ds] > J(y).

A—0t T—o0

We resume the proof of the lower bound. We observe that by constraining the last incre-
ment of the random walk / to be null in U,%,’ A.nt1 We get the inequality

(4.55) UNam <cgUN Ans1-

Then, using Claim 3 for n = N7 and j = 1 and using (4.55) for n = T N?/3, we obtain that
there exists a C; > 0 such that for 7, A >0 and N € N,

1 2 AT 772
(456) UN,A,NT+UN,A,NT Scley UN,A,NT+1‘
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Then, it suffices to apply, on the one hand, Claim 3 for j =2 and n = Nt + 1 to the right-
hand side in (4.56) and, on the other hand, (4.55) for n = N7 + 1 to the right-hand side in
(4.56) to assert that there exists a Cp > 0 such that for 7, A > 0 and N € N,

g7l 2 2YAT . 2 3
4.57) Vg == UN’A’NT + UN,A,NT < Cze mln{UN,A,NT-i-Z’ UN,A,NT+2}'

We note that Vy, may be rewritten under the form

458) Vi =Epole W Dy Ty, <o)

:Pﬁ,o(IEE; AN1/3)Eﬂs0[ N D1 <0}|IGBN anisl
By using the FKG inequality described in Proposition B.1 with A := B Ny ANl We obtain
459)  Bgole ¥ Dry, ol BY L a]>

Ego[e #Av D) ¢ B i Peollng <O € By yis):

By Donsker’s invariance principle the rescaled process (< ~173 1| sn2/3 )sef0,7] converges in dis-
tribution towards (By)se[o,7] a standard Brownian motion, in the set of cadlag functions on
[0, T'] endowed with the uniform convergence topology. Therefore, we set m7 := min{ By, s €
[0, T']} and we obtain

A !
(4.60) l}\}r_l)i;lofVNT > ]P’|:BT <0, mp > —51|E|:e_yf0T By délmT > ——i|.

Finally, using (4.51), (4.52), (4.57) and (4.60), we can deduce from (4.48) that

liminf ——log Ex(y) > — £ 3A+111P’[B 0 A}
Ilvmln 73 ogEN(Y T 14 T og T ,mr )
1 = A
(4.61) +o logE[e"’jOT Buds |y > __]
T 2
By using [19], Proposition 8.1 Chapter 2, we can state that there exists a ¢ > 0 such that for

T large enough the inequality P[Br < 0,m7 > —%] > ¢A3/T>/? holds true for every A €

(0, 1]. As mentioned above (4.40), under the conditioning m7 > —A /2, the process (A /2 +
Bs)sci0, 7] has the same law as (Mﬁf)se[oj]. As a consequence, after taking limsupy_, o,
in the right-hand side in (4.61) we can claim that for A € (0, 1],

1 1 )/f) A/qu
(4.62) 11m1nf log En(y) > —3y A +limsup T logE[e™ 7 ].

T—o00

We conclude by using Claim 4 and by taking limsup,_, ¢+ in the right-hand side in (4.62).
This proves (4.46) and completes the proof of (4.8). [

PROOF OF CLAIM 1. Let A, T > 0. First we notice that we only need to prove a lower
bound on GS)\}X uniforminx € Oa 2 A N as N — 00. Indeed, a time-reversal argument yields

that G5° = G%* forall x € Np, n € N (recall that Pg is symmetric, see (2.8)), and
N n N.n B

(4.63) inf  GYY, <Gl A, =1

x€OA/2,AN

Moreover for any x € Oa2,a,n and p € [1, 3] such that pN7 € N, we write

.0 —XA 1 0,+ 0,+
(4.64) Gy oy =EpxleV e (D1 € By 1Ps . (Byy.).
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Lemma 4.10 claims that the first factor is nonincreasing in x. Moreover, the second factor is
polynomial in N uniformly in x € Oa2,a,n and p € [1,3]N NLTN , see (6.1) below. Thereby,
we deduce from (4.64) that

C
(4.65) G:0 16

N.oNr Z o tpanile” Wmr D11 € B ],

for N € N, uniformly in x € Op /2, o, n and p € [1, 3] Ny N—notlce that we wrote AN1/3

instead of [AN!/37, and we omit all ceil functions henceforth to lighten notation. Recalling
that sTN?/3 < pNy <3TN?3 and p €[1, 3], (4.65) implies

(4.66) Y0y = A0 VG (D) ¢

N.onr Z N a [T el
Furthermore, it is proven in [3], Theorem 2.4, that a properly rescaled random walk of length
n starting from c+/n, ¢ € Ry, conditioned to remain nonnegative and end in 0, converges
in distribution as n — oo to a Brownian bridge starting from ¢, conditioned to remain non-
negative and to end in 0. Moreover, p N1 > %TN 2/3 for all p € [1, 3], so the expectation in
the r.h.s of (4.66) converges as N — oo to some positive constant, uniformly in p € [1, 3].
Recollecting (4.63), this concludes the proof of the claim. [J

pNT]

PROOF OF CLAIM 2. Recall (4.49) and note that
~ -XaA,d -
(4.67) Noan =Eps[e VO g 6000 0]

Let us first consider the case x € O 3a 5. We observe that if a trajectory I := (I;);_, satis-
20 4 =

fies Ip=0,1 € BY AN/ and I, € Op a/4,n then x + I := (x + I;)}_, satisfies x + I € EZO
andx+ 1, € O%,A,N As a consequence,
K Ap(x+1
GN an=Egole™V « )"{Ieﬁ+

st Hne00a i)

yAn\ 5
(4.68) > exp N UN.An-

The case x € OSA A,y 1s taken care of similarly. The only difference is that we consider

I:= )}, satlsﬁes Ip=0,1¢€B"
x+InE(’)%’A’N.Then

AN/ and [, € (’)_%’O’N such that x + I € E;j,o and

Y An(x+1)
GN An = Eg, 0[e v 1{ EB,LANI/3}1{[neo_%’O’N}]

yAn\ o
(4.69) > exp(_W>UN,A,n’

and this completes the proof of the claim. [J

PROOF OF CLAIM 3. Let us start with proving the Claim for j = 2. We decompose
UI%,’ A depending on the time 7 at which the trajectory is above the x-axis for the last time
before time n, that is T :=max{i <n: I; > 0}. This gives

n—1

n—
2 2,k XA, ~
(4.70) UN,A,n = kX(:)UN,A,n . ];)Eﬂ ole ¥ ( )1{ eB+ N1/3}1{f=k}1{1ne(’)2A,N}]'
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For k € {0, ...,n — 1} we partition the trajectories contributing to UI%,”kA , depending on the
values z and y taken by I; and I, respectively. This gives
AN'3/2
2k .
UN'an=2" . Egole M Mresr |y M=a sl = =2 =)
>0 y=1 AN
Ap—i—1(1) ~
(471) E‘B y[e N 1{ AN1/3 <1, <0,i<n—k—1} {In—k—IEOi,N}]'

We observe that Pg(I1 = —z — y) = cgPpg(l1 = —2)Pg(I; = y). Since the increments of /
have a symmetric law, we can rewrite the last expectation of the right-hand side in (4.71) as

YA =D
N An—k—1 ~
Eﬁ,y[e 1{_%‘/35_11.@,,-5,,_,(_1}1{—In,k,leoi.,v}]

yAn At (D) R
4.72) = eXp( 2/3>Eﬂ y[e At 1{O<IiSAN1/3 ,isn—k—1}1{I”‘k‘leOZYN\{O}}]’

where we have used that any trajectory I = (1;)7_, —*=1 that contributes the expectation of the

left-hand side in (4.72) satisfies A,_x—1(/) = —A,,,k,l(—l) < 3AN'3(n — k —1). Thus,
combining (4.71) with (4.72) we obtain

AN )2

yAn _r

2.k A 1

UNan = eXP( 2/3) > Y Egole v D1 m =g ]Ps(l = —2)
N z>0 y=1 kAN

_ ~ % Anckr (D) 5
x Pg(l} = y)Ep y[e” N/ n-k-t 1{0<]i§%1/37i§n—k—1}1{Infkfleoz,N\{o}}]
4.73)
yAn —Y A
<cp exp<W>E5,0[€ WA )1{1e§+ 1/3}1{?=k+1}1{1n+l€52,1v}]’

n+1,AN
where 7 :=max{0 < j <n+1: I; =0} is the last time before time n + 1 at which I touches
the x-axis. Therefore,

n—1

2.k Yy An X Apr (I
Z UN'an=cs eXp<N2/3)E/3,0[€ w A1 )1{161?+

1 33
= n+1,AN1/3} {1n+l€OA,N}]

yAn\ 5
= cpexp| oz )UN.amtts

and this completes the proof of the claim for j = 2.

For the case j = 1, we assume for notational convenience that A1\£1/3 € N. The method is
very close to what we just exposed when j = 2. First, we modify the definition of 7 in such
a way that it becomes the last time before n at which the random walk is not smaller than

AN ,thatis, T :=max{i <n: [; > —ANI }. We denote by —Mi/ + z the value of I,
and by —AN L y the value of 14 (note that z>0and 1<y < AN s ). Then, we mimic

4.71) by decomposing each trajectory contributing U 11\, A p INtO a ﬁrst piece between times
0 and 7, a step downwards that equals —z — y and a second piece between times 7 4 1 and
n. At the cost of a constant factor we transform the step in-between the first and the second

piece into two steps of length —z and y, respectively Finally, we replace the second piece of

1/3
AN . Note that this latter transformation lowers

AnN

trajectory by its symmetric with respect to —

the algebraic area swept by this second piece by at most . Concatenating the first
piece, the two steps and the last piece we have built an injective mapplng of those trajectories
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contributing U 1{, A.n Onto those contributing U,%,’ A.ns1- As for the case j =2, this mapping
has an energetic cost (since we keep taking into account the exponential term —y A,/ N) that
is bounded from above by y An/N?/3, which is sufficient to complete the proof. [J

PROOF OF CLAIM 4.. For conciseness we set, for A, T > 0,
T
(4.74) RA(T) := E[e—yfo Mﬁrds]'

We assume by contradiction that there exists an ¢ > 0 and a Ag € (0, 1] such that for every
A € (0, Ag]

1
4.75) limsup — log RA(T) < J(y) —e.
T—o0 T
For A, T > 0, we set 7a := inf{s > 0: MS,T =A}if {s >0: M?’T =A}# and tp = 00
otherwise (ta depends on T as well but we omit it for conciseness). We state a small ball
inequality that is proven at the end of the present proof, that is, there exists ¢y, ¢ > 0 such
thatfor T > 0,n € (0,1] and A > 0,

(4.76) Pea 2 nT) =P| max M7 < 4]

Cl —2y7
=P O < AT | < —e 22"
[srerfg,)fﬂM"l - /f] =
where we have used a standard scaling property of Brownian meander to write the second
equality in (4.76).

At this stage, we choose n > 0 and A € (0, Ag] such that

e & cn €
@77) (J(V)—Z>(1—n)§l(y)—§, wd ~ 2 <i0)- 5

Applying Markov property at time 74 we obtain
T
(4.78) E[e™" o M) < P(ta = nT) + E[1(zy <y RA(T — 7a)].

Since A € (0, Ag] we apply (4.75) and there exists a Ty > 0 such that R (T) < e/ =e/4T
for T > Ty. It remains to apply (4.78) with T > Tp/(1 — 1) in combination with (4.76) and
(4.77) to obtain

(T MO ds Cl _£
E[e 7 Mads] < ﬁe(“’/) DT 4 B[y <qry RA(T = 7a)]
< L UM-9T 4 g

=7 [1iza<nt)

4.79) < C_le(l(y)f%)T + eV W)—e/8T

NG
Taking %log on both sides in (4.79) and letting 7 — oo, we obtain the contradiction J (y) <
J(y) — ¢/8. This completes the proof of the claim.

Let us quickly sketch the proof of the inequality in (4.76). We use that (M?’l) sef0,1] 18
the limit in distribution of (By)se[0,1] conditioned on {m| > —u} asu — 0" where we define
m; :=minge[o,;](Bs) for 0 <t <1 (see [8], Section 2). Therefore, for A > 0, u € (0, A) and
ne(,1),

0 — —
(4.80) PLQ&’:}]MM < A] = ul—lf{)lJrPI:sIel%(z)l,);] By < Almy > u]

e(J(V)—€/4)(T—TA)]
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By applying Markov property at time 1/2, we can bound from above the probability in the
right-hand side in (4.80) by
(4.81)
——————P(B; € (~u, A],Vs €[0,7/2]) sup Py(By € (—u, Al,Vs €[0,1/2]),
P(ml > —M) xe(—u,A]
and since a Brownian motion (Bjy)s>0 of law Py has the same law as (x 4 By)s>0 with (B;)s>0
of law PPy, (4.81) is also smaller than

P(mn/z > —u)

(4.82) P(mny > —u) [se[o

1By <24,
At this stage, the inequality in the right-hand side in (4.76) is obtained by combining (4.82)
with the following two results:

2 ru/t 2
(4.83) P(m; > —u) = —/ e 2dx, fort,u>0,
T JOo

and there exist ¢y, ¢ > 0 such that for every « > 0

(4.84) P( max |B,| < K) < cle_c2/K2,

s5€[0,1]
Note that (4.83) is obtained by observing that, since B is symmetric, P(m; > —u) = P(M; <
u), where M; is the maximum of B on [0, ¢] and the law of M; is well known (see, e.g. [19],
Proposition 8.1). Proving (4.84) can be done by estimating the probability that | B| is smaller
than « at times {j/k, 1 < j <k} with k = [ 1/«2| and by applying Markov property at those
times. [J

4.5. Step 5: Horizontal extension inside the collapsed phase. 'We now prove that in the
collapsed phase, the typical horizontal extension of the polymer is of order /L for L large.
For any interval I C R, define
(4.85) Zeli (i =—=zpFli (= Y (Tp* D

N L’
1<N<L/2,
NelnN

cpePL

Dbead

where q » and s are defined in Proposition 4.1. Recall that Cpeaq denotes the collapsed

phase of the smgle bead model (see Proposition 3.1), and let (Cpeaq)® denote its interior.

LEMMA 4.11. Let (B, 8) € (Cpead)®, there exists (ay, az) € (0, 00)? such that

A . Zy4s(lar, a2lV/L)
(4.86) . Lmoo ~bead =1
L.B,8

PROOF. Recall (4.7) and (4.8). By relaxing all constraints on S, I but {/ € B%Jr} in (4.8),

: bead B.é
one has the obvious bound DN, p ZWet

n (recall (A.1)). Moreover, Proposition A.1 (ii)
implies that there exists some K > 0 such that zP N=K e"@N for N > 1. Thereby,

wet,

L/2 L/2
ZEgslavVi L) = 30 @D < 3T VKON,
N:az«/z N:azﬁ

In (Cpead)®, one has 2logI'g + hg(8) < O (recall (3.6)), so we conclude that there exist
c1, ¢ > 0 such that,

4.87) Ee%dg([azx/_ L]) <cie Czazf
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N
N

Regarding trajectories with an horizontal extension smaller than a;v/L, we use =<1
and (4.7)—(4.8) to write

forall L>1and ap €

(4.88) Zbed (1, VL)) < PV Y Pﬁ(AN+1(S)>£—N>
N<aivVL

L/2 N

The inequality Ay41(S) > L_nN implies that max{S;,i < N} > . Therefore, for L

large enough we can assert that for every a; < 1 and N < aj+/L
L VL
(4.89) Pp(Anii )= 5 -N) <o X Is- sz ).
2 da
i<aivL
Since |S1 — So| (of law Ppg) has finite small exponential moments, Chernov’s bound guaran-
tees us that there exists a function p : (0, 00) — R™ satisfying lim,, _, o+ p(a1) = oo such that

the right-hand side in (4.89) is bounded above by e=P@aVL, Therefore, for L large enough
anda; <1,

(4.90) ge%da(l aiv/L]) < VLe (@)= —8anVL

At this stage it remains to display a lower bound on Z'ze%d s- To that aim, we only consider
the term indexed by N = /L in the sum in (4.7). Applying Proposition 4.2 with g = % -

NG
and using that g is C! we deduce that there exists a C > 0 such that
~ c
bead 2 - 0 bead
(4.91) Zl o= 7(Tp) VLom8( )ij% -
It remains to bound E l:fidl , from below by choosing the trajectory (/; )*/_ that sticks
2T VL
to zero, that is, Ei’/eidl % > (e‘g/c,g)‘/z. We set k :=2logI'g +6 — g(1/2,0) —logcg and
we obtain that for L large enough
~bead c «/Z
(4.92) Zi 55> Ze

Combining (4.87), (4.90) and (4.92), it suffices to choose a; (resp. a) small enough (resp.
large enough) for (4.86) to hold. [J

4.6. Step 6: Proof of Theorem 3.2. We finally have all required estimates to prove The-
orem 3.2. Assume B > S, and § < (Sgead(ﬂ). Applying Proposition 4.1 and Lemma 4.11,
we can restrict the sum in (4 7) to N € [a1 az]f L N N. In particular, this implies that

ay =15, A%zN €lsz L - f o 2] and Zi \/— > 0 for L sufficiently large. Thereby Propo-
1 2 A
sition 4.2 yields
BL av/L
e CNg(Lo0
N=a\v/L

uniformly in L € N sufficiently large, and where we also used that g is C!, so g(qk,, 0)=

g(5%7.0) + O(1/N) uniformly in N € [a, a]v/L NN,
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Case 8.(B) < 8 < 8%°*4(B). We apply Proposition 4.6 to (4.93), to write

/3L az«/z N
e VLgps(L-)
4.94 Zbead - 8, N
(4.94) LAs =] > e
N=a1v/L

where we recall the definition of ¢g s from (3.13). For notational convenience, we omit
the subscript (8, 8) of ¢ in what follows. Recall that ¢ is C> and strictly concave. More-
over, for (8,8) € (Cpead)® ¢ is negative on (0,00) and reaches its maximum at some
a=a(B,d) € (0, 00). Therefore, provided that a; (resp. az) is sufficiently small (resp. large),
we can assume d € (a1, ap). Because ¢ is strictly concave and C? on [a1, az], there are con-
stants ¢, ¢’ > 0 such that

(4.95) —cla—a)* <g(a) — 9@ < —c'(a — 3,
for all a € [a1, a>]. Thus we can rewrite (4.94) as
BL _ aVL -
C17e_e«/Z<p(a) Z e—C\/Z(%—a)z
L
N=a+/L
(4.96) 7
/3L ~ avL / N 2
<zl < Cr3eVLo@ Yoo VLD
N=av/L
Finally, we observe that for any ¢ > 0 and b; < 0 < b>, one has
_eN?
(4.97) Yoo e it
b1V L<N<bW/L,
NeZ
Indeed, let R > 0, and define Ig ; = [—RLY* RLY*]. We decompose the above sum into
SlL’ﬂ’R + SzL’ﬂ’R, where
L.B.R . chTi L.B.R —c%
S = Z e , and S, = Z e .
Nelg 1NZ Nelbiv/L,ba/LINIR, L.
NeZ
Let us first handle SIL”3 R With a Riemann sum approximation, we have
RLV* N o R )
(4.98) LoVASEAR sy e / e dx,
L—oo J_R
N=—RL1/4

therefore SlL’ﬂ’R ~ LV Ry e~ dx as L — oo. Regarding SQL"B’R, we have

_e N (N 2
Y ctia xS
Ne[bi~/L,by/LI\Ig 1, N>RL4
NeZ
and a Riemann sum approximation yields that
N 2 o]
(4.99) lim L~!4 > e i) :/ e dx.
L—o0 R
N>RLYA

Hence there is Cg > 0 such that SZL’/S’R <CgrLY*forall L > 1. Together with (4.98), this
concludes the proof of (4.97). Plugging (4.97) into (4.96), this proves Theorem 3.2 in (AC)°.
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Case § =0. We now prove the theorem when § = 0—then the case 0 < § < gc(ﬁ) isa
straightforward consequence of the other two. Let ¢ > 0. Recollecting (4.93) and Proposi-
tion 4.8, and noticing that g — J(059,g(q, 0)) is C! on (0, 00); we can write the bounds

eﬁL avL

N N
Clo— Z exp(«/ﬂp(—) + L1/6(1//<—> — 8))
L Nea VL VL
gL avL N N
4.100) < Zbu < CpS— Y exp(\/Zgo(—) + L1/6<t//(—) + 6))
P L VL VL
N=a+/L
for L sufficiently large, where ¢ is defined in (3.13), and we define for all a € (0, 00),
1
13 _
(4.101) Y(a):=a J(a,gaqg(zaz,O)) <0.

Notice that we can drop the constant and polynomial factors by slightly adjusting ¢. Let us
fix some R > 0 and define

It :==avL+[-RL' RL'?], and I}, :=[a1vVL,axvLI\ I},

so (4.100) yields
(4.102) Q) r_e <Z1 0 <PH(QL ps + O ko)
where we define for any i € {1,2} and n € {—¢, ¢},

. N N

: = ex (\/Z (—)+L1/6( (—)+ ))

O Ry NEXI; p ® N 4 NG n
R,L

Regarding the lower bound, recall that i is Clon (0, 00), so there is some C>; > 0 such that

(4.103) ‘w(%) A

uniformly in L sufficiently large and N € Ile, - Hence, for R > 1 and L large,

< Cy RLYS,

0] r—e =011 _e 2exp(VLo@ + L'y (@) — ) — Ca1)

4.104 GVT4L3
(4.104) y Nzwz;—m exp(ﬁ(ng(%) —(p(ﬁ))),

so that by recalling (4.95) and (4.98) we obtain that the latter sum is of order CnLYV*>1
when L — oo, which yields the expected lower bound (by slightly adjusting ¢).

Similarly to the lower bound just above, we deduce from (4.103) and from (4.95) to (4.98)
that

(4.105) 0} r.<exp(VLo@) + LYS(y @) + 2¢)),
for L sufficiently large. Regarding Qi R.e» (4.95) yields that for all N € 11%7 L
N
«/Z( (—) — (a)) <—c'R*L'°.
2 JL ¥ =

Moreover, ¥ (N /v/L) + & < %sup[al’az] W <0 for all N € [a;v/L,a>/L], L € N provided
that ¢ is sufficiently small. Thereby,

Q%,R,g < (ay — a))V'L x eXp(\/Z(p(a) — c’R2L1/6),
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Finally, noticing that QlL’R,E > QIL’R’_g and recalling (4.104), we have Q%7R7€/QIL’R’€ =
o(1), provided that R satisfies —¢’ R? < infl4, 4,1 ¥ — €. Recollecting (4.102) this completes
the proof of the upper bound, and concludes the case § = 0.

Case 0 <§ < gc(ﬂ). When 6 € (0, g(ﬂ) we do not provide sharp estimates but we can
still claim the following: first, § > Z bead s 1s clearly nondecreasing, so Zbe%d > Zze%do, and
the lower bound from the case 6 =0 also holds for any § > 0. Second, notice that we have

Ebead < z53  for all g >0, N € N (see (4.10) and (A.1)), so Proposition A.1 (ii) implies

wet, N
that there exists Cp3 > 0 (which depends on 8, §) such that E?Vef‘qd < Cp3 for N € N. Thus
(4.93) yields

BL a/L N
dez;jd(S < eT Crs Z eﬁ‘ﬂ(ﬁ)’
N=a\vL

where ¢ is defined in (3.13), with & ,3(8) 0 for all § € (0, 8(,3)] Then the behavior of the
sum above is the same as in the case § € (5(fB), 5563‘1(,3)), which yields the same upper bound.
This fully concludes the proof of Theorem 3.2, subject to Lemmas 4.5 and 4.10, and Propo-
sition 4.3.

4.7. Proof of Corollary 3.3. In this section, we prove Corollary 3.3, which follows di-
rectly from Theorem 3.2. Let 8 > B.. We first focus on the case § € (§.(8), SEead(ﬁ)). Re-
call the expression of ¢'(a) = goE 8, 5)(a) in (3.14) and the definition of @ (B, 8), then notice
that (8, @) > ¢4 5 (a) is C' on (8:(B), 82%(B)) x (0, 400) and (3.5 (@(B,8)) < 0. It fol-
lows from the implicit function theorem that § - a(B,8)is C! on (8¢ B), (SEead (B)). Hence,
81> ®(B,8) is C! on (5.(B), 824(B)) too.

Let § € (5:(8), 82%4(8)) and & > 0, and let us denote for £ € Qb4

l
Q(ﬁ) = Z 1{2{;1&:0},
k=1

for conciseness. We recall the definition of P'ieaﬁd s in (3.4) and we denote by E'ie%d 5 its asso-

ciated expectation. Let # > 0 be such that § + ¢ € (8~C B), SEead(ﬂ)), and write with Chernov’s
bound

geilgdg(Q(E) > (BSCD(,B 8) +8)\/Z) SEbea}}d [etQ(Z)]e—t(35®(ﬂ,8)+e)«/Z

Zbead
< ZLBSH 1@ (B.0)+e)VL
Zbead
L.B,S

Applying Theorem 3.2(i), we therefore get that there exists some Co4 > 0 such that for L > 1,
lieaﬁdB(Q(E) > ( 8(13('8’ 8) + 8)\/Z) < C24€(®(’3’5+t)_®('6’8)_t88®(ﬁ’8)_t8)ﬁ.

Finally, ® (8,6 +1t) — ®(B8,5) —tdsP(B,5) = o(t) as t — 0 (since § — P (B, ) is ch, so
we can fix 7 > 0 such that the right-hand side above goes to 0 as L — oc. Similarly, we can
write for s > 0 such that § — s € (5.(8), 82°*4(B)),
Zbead

L.B.3=s ,s(@0(B.8)—e)VL

— bead
ZL ,B,8

PYl (0(0) < (95D (B, 8) —e)VL) <

< Cps5e@(B3=9)=P(B.0)+505®(B.0)—se)VL
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for some C»s5 > 0, where we also applied Chernov’s bound and Theorem 3.2(i). We can then
choose s > 0 such that this term also goes to 0 as L — oo. This concludes the proof of
Corollary 3.3(i).

Regarding the case ¢ € [0, gc(,B)), let K>0,e>0and7>0besuchthatd+1 < Sc(,B).
Using once again Chernov’s bound and Theorem 3.2(ii), there exist Ca¢ > 0 and Lg € N such
that for L > L,

tiea}lgda(Q(Z) > KL1/6) < Ebead [ tQ(Z)]e—tKL1/6

ZlL)e%dHt KL/6 4 (—w K L1/6
b—e—f < CygL3/* (VB +e—1K)
7 ead
L.B,8
This goes to 0 as L — oo provided that K has been fixed sufficiently large, and concludes
the proof of Corollary 3.3(ii). [J

5. Proof of Theorem 2.2 and Proposition 3.1.

5.1. Proof of Theorem 2.2. The proof of Theorem 2.2 also relies on the random walk
representation introduced in [23] and adapted in the proof of Theorem 3.2 (see Section 4), but
it is much less involved. We divide the proof into 4 steps. First, we prove that the free energy
is not changed when we additionally constrain the polymer to end on the horizontal axis (i.e.,
le_v: 1 £i = 0)—in particular, the constrained partition function Z ZFE 5 18 super-multiplicative,
which implies the well-posedness of f. Next, we adapt to the present model the random-walk
representation of IPDSAW. As in Section 4, we derive a probabilistic representation of the
partition function by rewriting, for every N < L, the contribution to the partition function of
those trajectories made of N stretches, in terms of two auxiliary (coupled) random walks S
and /. Then we compute the generating function of the partition function ZzL; s+ With our
random walk representation, we can rewrite it as the partition function of a wetting model
for two independent random walks, with the in-between area constraint of S and / becoming
an in-between area penalization in the generating function. This allows us to characterize
f in terms of the free energy of this “coupled, in-between area penalized” wetting model.
Finally we place ourselves on the critical curve between C and £ where the area penalization
vanishes, and we apply well-known results on the wetting model to derive the equation of the
curve.

Step 1: Constraining the partition function. Let us define the constrained partition func-
tion:

L
+.c . H()
(5.1) Zigs = ) DD D TN 6=
N=1 @eﬁx’l‘
Lo=tN+1=0

Notice that this partition function is super-multiplicative: indeed for any L1, Ly > 0, we
bound erlj_ L2.B.8 from below by constraining it to touch the axis between the (L — 1)th and
L1th monomers; then we notice that the contribution to H (£) from self-touching between the
two parts of the polymer (before and after the segment (L — 1, L1)) are nonnegative; and we
separate the trajectory in two at the L{th monomer (recall that all our trajectories end with a
horizontal step) to finally write

+, =+,
(5.2) ZLlj—Lz B.8 = ZLl,ﬁ :SZLzCﬂ 8

Hence - 7 log Z 5 converges as L — 0o, by Fekete’s lemma.
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We now claim that er, .6 and ZZLB s are comparable. More precisely for L € N,

1
+ 2 +, +
(5.3) ﬁ(ZL,ﬂ,a) = ZZL,C,B,B =Zyps
The upper bound is straightforward. For the lower bound, we constrain Z;r L’fﬁ, s to make a
horizontal step between the (L — 1)th and Lth monomers, and sum over its possible heights.
Writing z;—1 = (xL—1, yo—1) and zz = (xr, yr) the coordinates of those monomers, we have

L—1
Z;l:j_z,ﬁ’g > Z Z;_L”g’g(yL—l =yL=y,xp=1+x.1).
y=0
We then separate the trajectory at the (L — 1)th monomer. The first half gives the term
er’ psVL = y) (recall that the last step is always horizontal). As for the second half, we
shift the last horizontal step to just before z; (which costs at most a factor e®), then we re-
verse the trajectory horizontally, to obtain that it is bounded from below by ZZL, gs(YL=Y).
Therefore,
L—1 ) 5
Z;_L’?/g,,s > Z(thﬂyg(yL = )’)) z ( sup Z]tﬁ,a()’L = y)) )
y=0 0<y<L-1

and we conclude the proof of (5.3) by writing ZZLJM <L SUPg<y<r—1 er’ﬂ’a(yL =y). In
particular, this implies that

1 1 X
. + . _f_7
(5.4) f(B,8) = Llimw I log ZL’ﬁ’(3 = Lhﬁmo<> I log ZL,;},&
is well defined, and that we can replace ZZL’ 8.5 with erg s to prove Theorem 2.2.

Step 2: A random-walk representation. We provide a probabilistic description of the con-
strained partition function ZZ; s as in Section 4—which also applies to the free counterpart
er’ 8.5 Recalling (5.1), (2.2) and (4.1), we can rewrite the constrained partition function
similarly to (4.2) to obtain

+.c BL ¢ —BN BN i+ X sk, =0
(5.5 ZL,ﬁ’(S:e Ze Z e 2 Zi=0 M i+lle i=1"i 1{25\1:1&:0}.
N=1 teLy
Lo=CN+1=0
Recall the definition of Pg in (2.8): similarly to (4.3), we consider two independent one-
dimensional random walks § := (S;);>0 and I := (;);>0 starting from O and such that
(Si+1 — Si)i=o0 and (J;11 — I;);>0 are i.i.d. sequences of random variables of law Pg. We
notice that for every £ € L;’ 1 (with €9 = £y +1 = 0) the first factor in the second sum in (5.5)
satisfies

2k—1 2k
8 ya
(5.6) e rTimollitlinl = N+lpy (Sk =Y 4, Vk < NS>P,3 <1k =>4, Vk < N1>,
i=0 i=0

with Ng:= [N/2| + 1 and N; :=[N/2]. Hence, we define S and [ as in Section 4.1. Simi-
larly to (4.4), define

Ny Ng
(5.7) GN(S. D)= Iy — Sl + ) 1Sk — Ii—1l,
k=1 k=1
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and our definition of S, 7 implies 3"~ | [¢;| = G (S, I). Finally, the constraint ¥V | ¢; =0
is equivalent to Sy, = Iy, =0 (recall £y41 =0).
Defining ZZ’E’S = ée‘ﬁLZZ’g’s, and plugging (5.6) into (5.5), we obtain

L

~ Ng N
76 5= Y Cp)VEg[ed Zim T ed iy =0y

(5.8) N1
X 1{GN<SJ)=L—N}1{5631%;}1{1631%1+}]’

where we recall I'g = cg e B, Gy (S, 1) is defined in (5.7), and B,?*Jr is the set of nonnegative
trajectories of length n ending on the horizontal axis (see (2.10)).

Step 3: The generating function of erg s- Recalling (5.4), the excess free energy satisfies

(5.9) CRE SuP{y >0; ) Z;gse = +oo},
L>1

and f (B, 8) = 0 if this set is empty. Let us compute the generating function of the tilted
partition function. Recalling (5.8) and inverting the sums over L and N, we obtain

S5+,c¢ — —\N ,8,
(5.10) S ZiG e =Y (Tpe )N 0P,
L>1 N>1

where we define

(5.11) Qﬂ"s’y :=Ep O[e*)/GN(SJ)eCS Z/i\;sl T(5¢=0} o8 Z;ivil Ti1=0) 4

N = {SeB,%;,leB,%;r}]’

which is the partition function of a coupled wetting model, with an additional “in-between

area” penalization. Note that (Q% 5’7/) ~N>1 1s super-multiplicative, therefore we can define the
free energy of this model:

(5.12) hg(8,y):= lim N b3y
) Lo Y " Nooo N gLnN

Notice that hg(8, y) < § (in particular hg is finite), hg is nonincreasing in y and nondecreas-
ing in 4, and it is continuous. _

Recollecting (5.9), we conclude that f (8, §) is the only positive solution (if it exists) in y
of

(5.13) logl'g —y +hg(8,y) =0,

and f (B,8) = 0 otherwise (this equation has at most one solution because y — —y +
hg(8, y) is decreasing).

Step 4: Characterizing the critical curve. Let (B,6) € C N &€ be a point of the critical
curve: then f(B, ) =0 (because f is continuous) and logI'g + hg (8, 0) = 0 (because (5.13)

is continuous in y N\ 0). In particular, there is no area constraint in Q'fv’g’o, and because S
and [ are independent we can uncouple them and write

B.6,0 B8 B,8
(5.14) ON " = ZyetNs X ZwetNp»
where Zf/ft, ~» N > 1 is the partition function of a wetting model (see (A.1)). By applying

% log to (5.14), we notice that (8, 0) matches exactly the free energy of the wetting model:
hg(8,0) = hg(d) (see (2.9)).
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The asymptotic behavior of Z(i’jt’ w 18 already well known—see Proposition A.1. Thus, we

can finally conclude the proof of Theorem 2.2. Recall that (8, §) € C N € implies log T’ g+
hg(8) =0, where I'g is decreasing in B, and B, is the only solution of I'g = 1. Therefore:

e if B < e, thenlogTg + hg(8) >logTs > 0s0 (B,8) ¢CNE,

e if B =B, then (B,8) € CN & if and only if hg(8) =0, thatis § < 8¢(Bc),

e if B > f., then there is a unique solution in § > §.(B) to hg(d) = —logI'g, which we note
8c(B).

Moreover, recall that the left-hand side of (5.13) is decreasing and continuous in y, so
f(ﬂ, 8) =0 if and only if logI'g + hg(8) <0, that is B > B. and § < §.(B); which fully
characterizes C. Finally, the analytic expression of §.(8) follows directly from (2.11) and
(A.4) by solving a quadratic equation; details are left to the reader.

5.2. Proof of Proposition 3.1. This is very similar to Theorem 2.2. The single-bead par-
tition Zze%d s function is already constrained to return to 0, hence it is super-multiplicative

(and £ is well-posed) and we do not need to replicate Step 1. The random walk repre-
sentation is already laid out in Step 2 of Section 5.1—notice that the main difference with
(5.8) is the constraint {S > I} (recall (4.5)), in particular the random walk § cannot touch the
wall. Thereby the generating function of lee%d s (defined in (4.7)) can be written (similarly to

(5.10)) as

-l — —y\2N 58,6,
(5.15) Sz = 3 (Tpe )V RS
L>1 N=>1
we define
N
(516) RI,%(S,V - E'g,o[e_zy(ANH(S)_AN(I))e(S 2= 1{lk20}1{s>[}1{SEB[%II,IGB%+}]'

(Rf,’a’y) ~N>1 1s super-multiplicative, thereby we define its free energy
.1 B8
8,y):= lim —logRy"",
K,B( ) V) NE;HOO N Og N
and we note that fbead (B, 8) is the only positive solution (if it exists) in y of

2loglg +2y +«p(8,y) =0,

and fbead (B, 8) = 0 otherwise.
Let (B8, 8) € 3Cpead be on the critical curve (which implies fbead (B,8)=0and 2logI'g +

kg(8,0) =0). We notice Rf,’s’y < Z\f/,e(i,N’ sokg(8,y) < hg(8), and we now compute a lower

bound on Rf,’a = Rﬁ,’a’o to deduce «g(8,0) = hg(d).

Let @ > 0 and recall (5.16) with y = 0. Constraining I to remain below lan/N | for all
1 <k < N, and constraining S to S1 = Sy = lav/N| + 1, and S > |av/N| + 1 for all
2 <k < N, we obtain the lower bound

B8 SYN A=
RN ZEﬂ,O[e k=1 {1y 0}1{[kSI_(x«/NJ,Vlfk<N}1{IEBI%+}]

x Pgo(S1=5Sn=Lav/N]+1,Sy11=0,8 > av/N| +1,¥2 <k < N)

o~ 5laVN]-4

2
SYN g 0,+
> Eg o[¢’ Zi=1 " 0”{zksLamJ,v1gk<N}1{zeBgn]( - > Pso(By)),
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-3/2

where we can estimate Pﬂ,O(BR,’fl) =N with (6.1) below. Moreover, we notice that

N SYN 1 -0 N
(X p=y > € ==t 0= and  (X)i=y > 1, <o/ VI<k<N)»

are both bounded, nonincreasing functions on Bg,’”L, hence we can apply an FKG inequality
(see Proposition B.1) to claim

SYN M=
Eﬂ’o[e k=1 {1y, O)1{IkgLa\/ﬁJ,VISk<N}1{IGB;\);+}]

(5.17)
> Z00 % Pgo(lk < lev/N), V1 <k < N|I € BYY),

where we recall that Zgﬁ’ ~» N > 1 is the partition function of a wetting model (see (A.1)),
and the second factor in the right-hand side is bounded from below by some positive constant
provided that « is large (see (6.2) below).

All this implies x5(8,0) > hg(8), so kg(8,0) = hg(8). Therefore, we conclude the proof

of Proposition 3.1 similarly to Theorem 2.2.

6. Proofs of technical results. In this section we prove Lemmas 4.5 and 4.10, then the
much more involved Proposition 4.3.

6.1. Proof of Lemma 4.5. Before proving Lemma 4.5, we provide a useful estimate on
nonnegative random walk bridges proven in [3]. Recall the definition of B, tin (2.10), and
that Pg , is the law of a random walk with increments distributed as Pg (see (2.8)) starting
from x > 0. One has
max(x, 1)

o

uniformly in n > 1 and 0 < x < C;4/n for any C; > 0. The first identity is obtained by
reversing the walk in time (notice that Pg is symmetric), and the asymptotic behavior is
derived in [3], (4.3).

It is also proven in [3], Corollary 2.5, that a properly rescaled centered random walk with
finite variance conditioned to remain nonnegative and to finish in O converges (in distribution)
to a Brownian excursion. The maximum being a continuous function on C([0, 1], R), we
thereby deduce that for any n > 0, there exist C4 > 0 and Ny € N such that

0,+
(6.2) Pﬁ,o(lg}(asx}v(xk) > CaVNIX e ByT) <,

6.1) Pso(BF ) =Pg(BYT) =<

for all N > Nj.
PROOF OF LEMMA 4.5. Notice that max|<;<y (Xy) < Ca+/N implies that Ay (X) <
C 4 N3/2. Thus, we have the lower bound
Pso(V1 <k <N, Xi < f1(k); An(X) < CaN>?|X € BY™)

~ X 0,+
63 > 1= Pgo(31 <k <N, X¢ > f1(k); max. (Xi) < Cav/NIX € BYY)

_ 0.+
Pﬁ,o(lg}cast(Xk) > CavV/N|X € By )

Recalling (6.2), the last term in (6.3) is not larger than some 1 > 0 arbitrarily small. Regarding
the other term, we write

s . 0,+
P,g,()(EIl <k <N, Xy > frk); 1rsr}{anN(Xk) <CavN|X € By )
(6.4) [N/2]

=2 Z P,B,O(]?I(k) < Xp < CA\/N|X c B[%—i_)’
k=1
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where we reversed in time all terms with index larger than [N /2]. For any k < [N /2], we
partition the kth term over possible values of X, then we apply Markov property at time k to
write

7 04 Y Ps-(By ')
6.5)  Ppgo(fitk) <Xi < CA\/N|X € BN’+) = Z Pﬁ,O(Blf’Jr)’iO;.
2=fio+1 Pgo(By ")

Recalling (6.1), we can bound Pﬂ,Z(B,(z;fk)/Pﬂ,o(B]O\;Jr) from above by C> x z with C > 0 a
constant uniform in z < Co+/N (recall that N — k > %). Hence, (6.5) becomes

Pso(f1(k) < Xi <Cav/N|X € ByT) < CoEp,0l Xk 7 (1< x, <o vy TXi20.vi <k} -

Recall the definition of f/ in (4.11). Noticing that Eﬂ,o[e“(k] = k3 and Eﬂ,o[XkeAXk] =
BAElg,o[e”k] = kﬁ/(k)ekﬁ()‘) for any 0 < A < /2, and choosing A sufficiently small so that
L(A) <Ay (recall y > 0and L)) ~ )»20[% /2 as A\ 0), we obtain with Markov’s inequality

Pﬂ,o(f} (k) < Xp < CA\/N|X € B?/’—i_) < CzEﬂ,o[XkeMX"_yk_K’)]

< C3ke_)”K’ e KOGy —=LR)

The right-hand side being summable in &, there exists C4 > O such that

IN/2]
(6.6) 3" Ppo(fik) < Xk < Cav/NIX € ByT) < Cye K1,
k=1

uniformly in N > Ng. Assuming K7 is sufficiently large, this term is smaller than any fixed
n > 0. Recollecting (6.3), (6.2), (6.4) and (6.6) and fixing n = ¢/3, this concludes the proof.
O

6.2. Proof of Lemma 4.10. Let us define for any x, m € Ny some « > 0,
6.7) Dy i=Eg [e D1 e B

Let us prove that x = Dy ,, is nonincreasing for any o« > 0, m € Ny by induction on m.
Notice that the proof also holds when conditioning by B%* instead of B, without further
changes (this is required in the proof of Claim 1 in Section 4.4).

PROOF OF LEMMA 4.10.  When m =0, D, o = e~ ** for all x > 0, which is nonincreas-
ing. Let m € N and assume x +— D, ,,—1 is nonincreasing. For any x > 0 and o > 0, one has
by Markov’s property

Ep . [e @4 DB =3 Eg [em e Xi=1 1,y | B

y=0
(6.8) - —aA,_1 (D)) p+
=e Y Eg [eDIBE R (p),
y=0
where
Ps (I = y)Ps (B )
6.9) Ri(y) = -2 P Om 1l — Py (I = yIB).

Ps . (Bn)
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For any x, y >0, let Ry (y) := Y ;> Rx(2), 50 (6.8) becomes
eaxE,B,x [e_"‘Am(I) |Bn—|1—]

=Y Egy[em A1 DIBE J(Re(y) = Re(y + 1))
y=>0
=R (O)Ego[e 41 DB} ]

+ ) R (Egy[e @1 DIBE 1= Eg [ DB ).
y=1

(6.10)

Recall that we assumed that y > Dy, is nonincreasing, so
Eg [e 41 D|BY 1 —Ep\a[e 41 DIBf ]<0,

forall y > 1. B B
Moreover, we claim that R, 1(y) > R,(y) for all x,y,m > 0. To prove this, we first
observe that for all x, m € Ny, and for any trajectory (sx)j_; € Z"™,

6.11) Pht (IO = (M) = 2P (IO = (0™,

where the sign + is + if 51 > x and — otherwise; and then we distinguish the cases y >
x + 1 (where the proof is instantaneous), and y < x + 1. For the latter case, it is obtained
by induction on 0 <y < x + 1 for a fixed x € Ny. To be more specific, when y = 0, one has
R, (0) =1 for all x > 0. Now assume that R, 1(y) > R, (y) holds for some 0 < y < x. Thus,

Ex(y + 1) :Fx(y) _Pﬂ,x(ll :le;;t)

(6.12) _ Ps . (li=y.1€B})
=< Rx+1(y) - +
P/S,x(Bm)

Moreover, (6.11) ensures us on the one hand that Pﬂ,x(B;,t) < eﬂ/zPH](B,j;), and on the
other hand that Pg . (I1 =y, € B;)) = ePl?Pg . 11(I) = y, I € B}}) because y < x. There-
fore, (6.12) becomes Ry (y+1) < Ryy1(y) —Pgxy1(1 = le;n"), which concludes the proof

that Ry+1(y) > Rx(y). B
Noticing also that R, (0) = R,41(0) =1 for all x > 0, we obtain the lower bound

eOl)CEﬂ’x [e—OlAm (1) |B;l_]
> Ret1(0)Eg o[e A1) Bt ]

+ D Rer1 (D) (Epy[e @1 DIBY ] —Eg [ 1 DIBY ),
y=1

and the identity (6.10) finally yields
e(xxEﬁ’x[e—aAm(I)lBZ] > ea(x+1)Eﬂ,x+l [e—aAm(I)an—L-]’

which concludes the induction. O

6.3. Proof of Proposition 4.3. As mentioned in Remark 4.4(iii), an equivalent of the
probability that such random walk satisfies (Ay, Xy) = (¢N?, pN) was first rigorously de-
rived in [7]. The present proposition is an improvement of [4], Proposition 2.5, where a
polynomial lower bound is displayed for the probability that an N-step walk (of law Pg )
remains positive and satisfies (Ay, Xny) = (gN 2 0). To that aim, we recall some tools intro-
duced in [7] and used later on in [4]. We keep in mind that all the upcoming claims are proven
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in [4]. Recall that L£(h) is the logarithmic moment generating function of the increments of
the random walk X; see (3.9). To lighten upcoming formulae, let us define for any N € N,

(6.13) Ay :=(An(X)/N, Xn),
(notice that the area is normalized by 7 in this definition), as well as the parallelograms

(6.14) Dg,n := {(ho, h1) € R?; |hy| < B/2,|(1 — 1/N)hg +hi| < B/2}.

For any h € Dg y, we define the tilted law:

dPn n
dPg o

where h - Ay :=hoAn/N + h1 X n denotes the scalar product. Note that

(6.15) (X) = Av=Eay® £y (h) = log Eg o[e V],

N

k
(6.16) ey = ((1= 57 o+ i )X = i),
k=1
so this change of measure is equivalent to tilt all increments of X independently, with an
intensity depending on k. For any g, p € Rand N € N, let h?\,’p = (h?\,’f), h?\,’ﬁ) be the unique

solution in h € Dg y of the equation

(6.17) EN,h[iAN] - V[%ﬁAN](In — @ p).

N
where it is proven in [4], Lem. 5.4, that V[%E aylisaC ! diffeomorphism from Dg y to R2.
Notice that

(618) Pﬂ,O(AN — (Nq, Np)) — Pth‘II\;I’ (AN — (NC], Np))e_NhL,(,’p(fva)+£AN(h‘}l\;p)

Moreover, [4], Proposition 6.1, gives a uniform local central limit theorem for P, P for

any g1 < q2, p1 < p2, t1 < tp and s1 < 57, there are constants Cs, Cg > 0 and Ny € N such
that for any ¢ € [q1, q2], p € [p1, p21. t € [11, 2], 5 € [s1,52] and N > N,
N2 SPN?h;IV»P(AN =(¢N +1tvN,pN +s+vN)) < 7k
Notice that the authors of [4] only state this for g € [g1, g2] and p = 0, but their proof can
be extended to p € [p1, p2] without further difficulty since the local limit theorem and all
uniformity arguments for ¢ hold similarly for p # 0.

The asymptotic of h?\,’p for large N can be described sharply. For any h € Dg, Recall

that we defined L (h) := [y L(hox + h1)dx for all h € Dy (see (3.10)), and let A" =
(hg’p , hi]’p ) be the unique solution in & € Dg of the equation VL4 (h) = (¢, p), where

VLA = OngLas On, L))

(6.19)

(6.20) 1 1
=(f xﬁ/(xho—i-hl)dx,f E'(xho+h1)dx>,
0 0

is a C! diffeomorphism from Dg to R? (see [4], Lem. 5.3). If ho # 0, an integration by parts
yields

1
(6.21) VLAh) = h—o(ﬁ(ho +h1) = La(h), L(ho + h1) — L(h)),

and if h() = 0, VﬁA(h) = (ﬁ'(hl)/2, E/(hl)).
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For any g1 < g2 and p; < p> € R, [4], Proposition 2.3, gives constants Cg, Cé > 0 and Ny,
such that for any g € [q1, g21, p € [p1, p2] and N > Ny, one has

1 - "
6.22) ][NLAN (H7) —H%P - (g, p)} ~[La(R?) =E (g, p)]| = 2
and
/
(q.p) 749.p
6.23 h —h —2.
629 g 7o) < S

Notice that [4], Proposition 2.3, is only formulated for p =0 and g € [q1, g2] with g1 > 0, but
all uniformity arguments also hold for p € [p1, p2] and any [q1, ¢2] C R. These estimates,
combined with (6.18) and (6.19), give the precise asymptotic of Pg(Ay = (Ng, Np)) (up to
constant factors) uniformly in g € [q1, g2], p € [p1 p2l.

Before we start the proof, let us point out that hq P> 0forall ¢, p e R with p<2g —e.
Indeed, one notices that hq P = 0 and (6.20) 1mp1y p = 2q. Because h is continuous, it has
constant sign on each sets { p <2q} and {p > 2q}, and it is already stated in [4], Remark 5.5,
that Z(q)’o > 0 for all g > 0.

Finally we also define the i.i.d. uniform tilt of the increments of X for any |§| < 8/2:

dP
(6.24) S (X)) =eHX1—LO),
dPg

where we defined £ in (3.9).

PROOF OF PROPOSITION 4.3. Here is the strategy of the proof: recollecting (6.18),
(6.19) and (6.22), we already have

1 _ygar. _ FOD
(6.25) Pﬂ,o(AN:(qN,pN))Xme NB""-(q.p)=LABTD)

(recall (0.2) for the definition of ). Hence, the proof will be complete when we show that
Pso(Xx > f(k),Y0 <k < N|Ay = (gN, pN))

is bounded from below by some positive constant uniform in g € [g1, g2], p € [p1, p2] and
N eN.

For that purpose, we decompose a trajectory X with Xo =0, Xy = pN and area Ay (X) =
gN? into three parts: both ends of length uy := N'/3, and the middle part of length N’ :=
N —2uyp. To estimate the probability to go under the fixed curve f (k), we study the middle
part under the (nonuniform) tilt Py 5, and we handle both ends with uniform tilts Ps,, Ps,.
Then we take advantage of the fact that uniformly tilted walks remain positive (and even
above certain affine curves) with positive probability, and we handle the middle part with
aforementioned estimates.

Fori € {1, 2}, define

Qiuy = ([CliuN/2, biun/2+3K + Ks]N (Lz>>
(6.26) -

X ([ai(uN — 1D+ K+ Ks,bi(uy — 1)+3K+K5‘] QZ),

where a; < b;, i € {1,2} and K are convenient positive constants which will be fixed below.
We constrain the first bit of the walk (until index u y) to grow by X, = x1 and have an area
Ayy = Ayq, with (A1/un, x1) € Q1,uy. Similarly, we reverse the third bit in time (from N
to N —uy), and we constrain it to grow by Xy_,, — pN = x; and have an area (Ay —
AN—uy) — PNuy = Az, with (Ax/uy,x2) € Q2.uy-
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Therefore we have the decomposition

Pgo(Xi > f(k).Y0 <k <N: Ay =(gN, pN))

> > Pso(Xi > f(k),Y0 <k <un; Ayy = (A1/un, x1))
(6.27) ((f“\lz//b;ljv);lz))eeQlel;:,
x Pgo(Xy > flk+uy) —x1,Y0 <k < N'; Ayy = (¢'N’, p'N’))
x Pgo(Xp > f(N —k) — pN,YO < k <un; Ayy = (A2/un, x2)),
where N’ := N — 2uy, and we define (¢’, p’) such that ¢’N'> = qu — Ay —x|N' —

pNuy and p’N’ = pN + x, — x;. Notice that with our choice of A, Ay = O(MNZ), X1, X2 =
O(uy),withuy = N1/3, and because q €1q1,q2], p €p1, p2], then for N sufficiently large
g' and p’ are contained in some compact sets [g], g;] and [p], p5]. Moreover, we have the
following estimates:
’ ’ nNUN X1
q—q' =(p'—4q') 55 + 5 +o/N),

X1 — X2

N

As mentioned above, we tilt uniformly the first and last factors in the right-hand side of
(6.27) with respective parameters 81, 52 (which will be explicitly fixed later),

(6.28)

p- p——2/ +

Pso(Xx > f(K),Y0 <k <up; Ayy = (A1/un, x1))
= ¢ IIHNEODDy (X > F(k), YO <k <uy: Auy = (A1 /uy.x1));
(©29) Py o(Xi = F(N—k)— pN,VO < k <uy; Auy = (A2/un, x2))
= ¢ 0 tuNL@IPy (X) > F(N —k) — pN, YO <k < up; Ayy = (Az/un, X2)).

The second factor in the right-hand side of (6.27) is bounded from below by the following
lemma.

LEMMA 6.1. Fix some ¢ > 0 and q| < g5, p| < py in R. Then there are constants
¢, C >0 and No € N such that for any N' > No, q' € [q}, q5] and p’ € [p}, p] satisfying
p' <2q' — &, one has

Pso(Xix = flk+uy) —x1,Y0 <k <N'; Ay = (¢'N', p'N"))
(6.30) > e—N’h(]]\;}p/'(q/~P/)+£AN/(h?v/}p/)(l)

N’ h‘]’sl’/ (AN/ = (q/N/’ p/N/)) - Ce_cuN)'
] N/

This lemma is proven afterwards. Writing (6.27) with (6.29) and (6.30), we have
Pso(Xk > f(k),Y0 <k < N; Ay = (gN, pN))

/
> 3 gD HUN £ 20 by £(62) ;=N B (0 DLy (BT

(A1/un.x)€Q1up
(A2/un.x2)€Q2.uy

X (P AN’ — (q/N/’ p/N/)) _ Ce—CLlN)

(6.31)
N/ hq,«,I’,(
ngl(Xk>f(k) VO <k <un; Ayy = (A1/un, x1))

X Psz(Xk > f(N —k) — pN,Y0 <k < up; Ay = (Az/up, x2)).
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Then we divide by Pg o(Ay = (¢gN, pN)), which we express with the tilt PN iV (rather
Y
than PN,h?V’”)’ so we have

Pso(Xi > f(k).YO <k < N|Ay = (gN, pN))
Pyt (AN = (@'N', p'N'")) — Ce™N

> Z e8(¥1,a1,x2,02) ( >
(6.32) (A1/un x)EQ 1y Py wgr (AN =GN, pN))

(Azfun.x2)€02.uy
x Ps, (X = f(k),Y0 <k <un; Auy = (A1/un, x1))
X 1352(Xk > f(N —k) = pN, VYO <k <upy; Ay, = (Az2/uy, x2)),
where we define
g(x1, ar, x2, @) = —81x1 + un L) — 8232 +unL82) — N'hP (¢, p')
+ Lo, (K7 + N B (g, p) = Lay 047,

Let us handle the factor in parenthesis in (6.32) first. We can apply (6.19) to both probabil-
ities (notice that g — ¢/, p — p’ are of order un /N < N~'/2, recall (6.28)) to bound it from

below by (C711\\/’—/22 — CgN2%e=UN) > Cg > 0 for N sufficiently large, uniformly in ¢, p.

(6.33)

Now let us focus on g(x1, a, x2, az), where we fix §; = Eg,’p/ + 71‘11,”7/ and § = —fz‘f/’p,.
Notice that they match respectively, the value of the exponential tilt applied on the first and
last increments in the second piece of trajectory and in the limit N — oo (recall (6.16),
and the sign of §; is inverted because we reversed in time the third bit of the trajectory). We

introduce in (6.33) a term Nh?\,,’p, -(¢’, p) and we apply (6.22) for (¢’, p’, N) and (¢’, p’, N)
to bound from below
g(x1,a1,x2,a2) > =81x1 +unL(81) — S2x2 +unL(82)

+NBY" - (g—q'.p—P)
(6.34) L o
_ N/(hq P (q/, p/) _ »CA (hq P ))
+N®RTT (g, p') = LA ")) = Cyo,
for some uniform constant Cjg < co. Recall N' = N — 2uy, and apply (6.23) to the term
NhY? - (g —4q', p— p') to obtain
g(x1, a1, x2,a2) > —81x1 +unL(81) — S2x2 +unL(82)
(6.35) +NE (g =g p - 1)
+ 2”N(7lq P (q’, P/) — ﬁA(%q P )) — C11.
Recalling that §; = Eg/’p/ + E‘{’p/ and §, = —E‘{/’p/, and also (6.28), we have
g an, xa,a2) = —(B 7+ 77 ) xy + 1Y x
+un @R (g p) —2La (BT
(6.36) FLEP 4R 4 L(=RTT)
+ Eg,’p/((p’ —4q \uy +x1)

+ El{ P (—2p/uN +x1 — xz) —Cia.
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So,
; g(x1, ar, x2,a2) > un (—208 7 g + 74T p —2L0 (R
( 37) ’or ’o ’o
+ L(h{" +h?" )+ L(—h")) = Cra,
and we conclude by recalling the definition of ﬁq,’p / and (6.21): the first term is zero, and
g(x1,ay, x2, az) is bounded from below uniformly by some constant.
Therefore, we can bound (6.32) from below by

Pso(Xk > f(k),Y0 <k < N|Ay = (gN, pN))
(6.38) > C13 x Py, (Xi = f(k), YO <k <un; Auy € Qluy)
x Ps,(Xg > f(N —k) — pN,¥0 <k < un; Auy € Q2.uy),

with §; = Eg/’p, + E(f/’p,, & = —Tz‘{"", and C3 is some uniform positive constant. The proof
will be over once we show that those factors are uniformly bounded away from 0. We focus
on the first factor, because we notice in the second one f (N—k)—pN=Nf (%) —kp+Ks,
which matches f (k) with an inverted slope — p (recall we reversed in time that bit); hence it
is handled by the exact same arguments. N

Recall that VL, is a C! diffeomorphism, in particular A is Lipschitz on compact sets, and
(g—q"), (p—p')areof order uy /N =N —2/3 (recall (6.28)), so there exists some constant
C14 > O such that for all ¢ € [g1, g2], p € [p1, p2land N € N,

Cigup
—

In particular for N large enough, d; is contained in some compact set [4, 81 (—B/2,B/2)
uniformly in ¢, p. As claimed earlier we have hg’p > 0 under our assumptions—it is even

(6.39) |61 — RS — Y| <

bounded away from 0—so we also have Eg,’p "S> 0for N large (recall (6.28) again and R is
locally Lipschitz). Combined with (6.21) and with the strict convexity of £, this implies

(6.40) LTy < p <GP 4797,
In particular there is some constant Cys > 0 such that £'(§;) — p’ > Cy5 and p’ + £/(8;) >
C15 uniformly in g € [q1, g2], p € [p1, p2] and N € N (recall that those functions are contin-
uous, and £/ (h ") = —L/(—=h{ "))

Fix some a, C > 0. For any é such that |§| < /2, and any 0 <t < /24§, k € N,
Markov’s inequality implies that

(6.41) Ps(Xy <ak —C) < E(S[ez(ak—C)—th] _ e—Ctek(Eg(—t)—Q—at)’

where Lg(—t) := logE; [e"X1] = L(8—1)—L(8) forany t € (—B/2+8, B/2+8). Choosing
a= %ﬁ/ (61) + % p’ and writing a Taylor expansion of L, there is some (uniform) ¢ > 0 such
that for ¢ small,

(6.42) s, (—1) +at < %(p/ — L)) + .

Recall that p’ — L/(81) < 0, and it is even bounded away from O (uniformly). So for ¢ suf-
ficiently small, we have Ls, (—t) + at < %(p/ — L/(81)). Hence, there exists a fy > 0 such
that

P, (3k>1, X, <ak—C) <) Py (Xy <ak—C)

k>1
(6.43) o
€O LG8 i
<e < -
e T e remi = Ciee
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where we bounded the fraction by some constant uniform in (¢’, p’).
Similarly, we have

(644) f)(s(Xk > bk + C) < E(S[eka_w(hk+c)] — e—Cwek(Eg(w)—bw),

for some b, C > 0 fixed, and any k € N, § such that [§] < 8/2,and 0 < w < /2 —§. Because
Ls(w) ~ L'(§)w as w — 0, we fix some b > sup{L'(8), 5 € [8, 8]}, and for some wgy > 0
sufficiently small we have

efsl (wo)—bwo

(6.45) Ps,(3k > 1, X; > bk + C) < e~ C¥0 < Cpre o,

1— 6551 (wo)—bwo

where we bounded the fraction by some uniform constant (notice that we could pick wg > 0
such that Zg(wo) —bwg <0 forall § €[8, §]).

Finally, we estimate the first factor in (6.38) by constraining the trajectory X to have a
first step X1 = 2K + Ky, then to remain between the two curves a(k — 1) + K 4+ K and
b(k —1)+3K + Kgs, k > 2. Moreover for y > 0 sufficiently small, we have

3
(6.46) a—(p+y>=Z(£/<81)—p/)—y+(p/—p) >0,

(recall that p’ — p = O(N~2/3) and £'(8;) — p’ is uniformly bounded away from 0), and
this y can be chosen independently of Ks. This means that our constraint implies that Xy
remains above f(k) =yk+kp+ Kg for all 1 <k <uy. It also implies Ay, € Q1,uy by
setting a; = a = %E’(&l) + ip/ and by = b in the definition of Q; ,,. Recollecting (6.43)
and (6.45), we finally obtain

Ps, (X > f(k),YO <k <un: Auy € Q1.uy)
> Py, (X1 =2K + Ks;ak — 1)+ K + Ks < Xg <b(k— 1) + 3K + K5,k > 2)

=P;s, (X1 =2K + Ks) x Ps (ak — K < X <bk+ K, Vk > 1)
P;,

>Ps, (X1 =2K 4 Ks) x (1 — Cige~ K minto.wo)y > g5 0,

zvhere we choose K > 0 such that the second factor in (6.47) is greater than %, then bound
Ps, (X1 =2K + Ky) uniformly over é; € [3, §]. We can reproduce the same proof to handle
the other factor in (6.38), by setting ar = %L’/ (82) — }‘ p’ and a convenient by > a; in the defi-
nition of Q> ,, . Therefore, (6.38) is bounded from below by some uniform positive constant,
and this concludes the proof of the proposition (subject to Lemma 6.1). [

Let us now prove Lemma 6.1. This result relies on estimates that are similar to those
displayed at the end of the proof of Proposition 4.3, where we used Markov inequalities
for Ps. First we prove an upper bound on the moment generating function of the difference
between the random walk with law P, ne:p and the straight line with slope p.

LEMMA 6.2. There exists Ag > 0 such that for any ) € (0, Ag), there are ¢ > 0 and
No € N such that

(6.48) Ey jor[e H0 PO < em ek,

uniformlyin0 <k <N, N > No, q €q1,q2], p € [p1, p2] satisfying p <2q — ¢.
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PROOF.  Under the law Py RSP the increments of the random walk X are still indepen-

dent (but no more identically distributed), so we define hs\, =(1-i/N )h?\,’f(’) + h?\,’ﬁ, the tilt
parameter for the increment X; — X;_1, i > 1. Then we have

logEy por [e*Xk=PR] = apk + Z — A+ hiy) — L(hy))

LK A+
649 =—AZ(( - A( + hiy) p)

k

< ,\Z (=X +hly) = p),

where we used the convexity of £, and the rlght—hand side is well defined for all |A| < g, for
some Ag > 0 uniform in (g, p) (recall that h(;\,’p is contained in a compact subset of Dg ;).

Notice that hév is affine, decreasing in i (recall that p <2q — ¢ implies Eg’p > (), and recall
that £’ is increasing. Therefore it suffices to prove the claim for k = N, that is to prove

(6.50) —Zﬁ (=rA4hiy) —p=c>0,

and we conclude by noticing that if (#,),>1 is a decreasing sequence, then (% Yo Ui)n>1 18
decreasing too, hence the claim holds for k < N.
Notice that the first term in the left-hand side of (6.50) is a Riemann sum, and we have

51 1 (=h+ i / 14 | T4 '
(6.51) lelﬁ +hy) | Lxhg + R =) dx

We also claim that the convergence holds uniformly in g € [q1, 2], p € [p1, p2]—this fol-
lows from a Riemann-sum approximation of the right-hand side, from (6.23) and from the fact

that £’ is locally Lipschitz. Moreover, we have p = fol L (xﬁg’p + E‘f’p )dx (recall (6.20)),
so this concludes the proof of (6.50) for N sufficiently large and some ¢ > 0 uniform in

q €lqi.q21, pelp1, p2]. O
PROOF OF LEMMA 6.1. Let us bound from above
Pso(Xk < fk+uy) —x1i; Ay = (¢'N', p'N')),

for any 0 < k < N’, where we recall x| € [aj(uy — 1) + K + Ks, b1 (uy — 1) + 3K + K],
uy = NV3 N =N —2uy and a; satisfies (6.46) with a = a;. We have

Pﬂ’()(Xk < f(k+I/tN) — X1, AN’ = (q N/’p N ))
<Ppo(Xy < —Cuy + pk+y(k A (N —k)) = K +ai: Ay = (¢'N', p'N')),

where we define ¢ :=a; — p — y (which is positive and bounded away from O uniformly in
p)- Recalling (6.15) and applying Markov’s inequality, we have

Pso(Xk < fk+uy) —x1; Ay = (¢'N', p'N'))

r ) !
—N'B;" (@' p)HLay,, ()

(6.52)

<e
(6.53) x PN’ BV (Xk < —Cun + pk+ )/(k A (N/ — k)) —K+4a;; Ay = (q/N/, p/N/))
) N/
< o NB @ P B

x e~ Mun+ry kANN'=k)+i(a—K)g ,[ *)»(Xk*l?/k)]e?»(pfp/)k,

!

N’hq P
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for some A € (0, Ag). Applying Lemma 6.2 and the inequality k A (N’ — k) < k, we obtain

Pso(Xx < flk+un) —x1; Ay = (¢'N', p'N'))
(6.54) d ) S
< e—N BT ' )+ Ly, () )e—)@‘uN—i—)Lyk—l—)»(al—K)e—cke)»(p—p’)k.

Choosing y < ¢/A (independently of K), and recalling that p — p’ goes uniformly to O (see
(6.28)), there is Ny € N such that Ay — ¢ + A(p — p’) < —Cs¢ < 0 uniformly in (g, p) and
N > Ny. Therefore, we have

Pso(Xx > flk+uy) —x1,Y0 <k <N'; Ay = (¢'N', p'N"))
>Pgo(An = (¢'N', p'N’"))
v
(6.55) — > " Ppo(Xk < f(k+un) —x15 Ay = (¢'N', p'N'))
k=1

A A
> o VB @ DL, BT

N/
X <PN/ hq/’p/ (AN/ = (q/N/, p,N/)) — B_A{uNek(al_K) Z e_C20k>,
£ N/ k:l
and ) ;- e~ €20k < 50, which concludes the proof. [

APPENDIX A: THE WETTING MODEL

In this appendix, we provide well-known results and estimates on the wetting model which
are proven in [11]. Recall that we defined Pg in (2.8), and for all N > 1, let

B . SYN Ay, —
(A.D) Zygan = Bp o[ T 001 o],

be the (constrained) partition function of a wetting model associated with a random walk of
law Pg. Let hg(8) be its free energy—recall (2.9), and notice that it is well defined because
(Zf,’eat’ ~N)N=>1 is super-multiplicative. Note that 24(5) is nondecreasing in &, that () <4,
and recalling (6.1), we have hg(0) = 0; hence hg(8) > 0 for all § > 0, and we define gc(ﬂ) =
inf{6 >0, hg(8) > 0} € [0, oo].

Let r :=inf{r > 1; X; <0} and let Kg(t) :=Pgo(tr =1, X; =0), t > 1. Notice that con-
ditionally to 7, —X, follows a geometric distribution on Ny (in particular t and X, are
independent). Therefore, one has }_,.; Kg(t) =Pgo(X; =0) =1 — e B2, and Kg(t) =
Pgo(r=0)(1— e P23 Ttisa straightforward application of [3], (4.5), that there exists ¢ > 0
depending on § only such that

c
(A.2) Kg(t) ~ pyE) ast — o0.

PROPOSITION A.1 ([11], Theorem 2.2 and equation 2.2).

(1) For B > 0, the free energy of this wetting model hg(3) is the only solution in { > 0 of
the equation

(A3) Y Kp)e ' =e,
t>1
if it exists (i.e., if § > gc(ﬂ) = —log(1 — e#/2)), and 0 otherwise. An explicit expression of
hg(8) is given by
(8 —1)(1 —e P22
l—ed—eF

(A4) hg(8) = log(

and 0 otherwise.

>, for§ > —log(1 — 6_5/2),
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(i1) Recall the definition of c in (A.2). The asymptotics of the partition function are given
by:

(a) if 6 > gc(ﬁ), then as N — 00,

—1
Zfzft,N ~ Cyere? DN where Cyer 1= <68 > tKp (t)e_hﬁ(ﬁ)t> ;
>1
(b) ifé < 8.(B), then as N — 00,
-
BS ce 3
Zwet,N (6_8 1+ e—ﬂ/z)z N s

() if 8 =8.(B), then as N — o0,

- | — B2
B8 1 =€

—1/2
wet, N N .

2mce

The first claim follows from [11], (2.2), and above observations regarding K g. The explicit
formula for i 5(8) is obtained by computing

Z Kgt)e ¢ = (1 — e_’s/Z)E/g,o[e—U] =1—e% P2
t>1

for some a > 0, thanks to a stopping time argument and with the observation that
(e_“x"_f”)nzo is a martingale when a > 0 is the unique solution of Eﬂ,o[e_axl_f] =1;

details are left to the reader. The asymptotics of Zf,’e(i’ n a8 N — oo are given in [11], Theo-
rem 2.2, where we recall (A.2).

APPENDIX B: AN FKG INEQUALITY

We provide here a (conditional) FKG inequality for random walks of length N € N with
increment distributed as Pg, similarly to more general, already well-known FKG inequalities
as developed in [25]. Define a partial order on ZN: for all u,v € ZN, u < v if and only if
up < v forall 1 <k < N. A function f : ZN — R is nondecreasing (resp. nonincreasing)
if forall u,veZN, u < v implies f(u) < f(v) (resp. f(u) > f(v)). Define also for every
u,ve’Zn,

u Av:= (min(ui, vy), ..., min(uy, vy)),

(B.1)
u Vv v:=(max(ug,vy),..., maxuy, vy)).

PROPOSITION B.1. Let A CZN be such that:

e Pgo(A) >0,
e foranyu,v € A,onehasuANveAanduVv v e A.

Let f,g: A — R be two nonincreasing (or two nondecreasing), nonnegative and bounded
functions. Then,

(B.2) E o[£ (X)g(X)|X € A] = Eg o[ f (X)X € AEg0[g(X)|X € A].
Note that this claim holds in particular for A = BR,’+ or A=7N.

PROOF. We prove the proposition for f, g both nonincreasing. Let u, v € A. For every
subset B C A, let us define 1 (B) :=Pg o(B|A), and

E X)1p(X)|Xe A
1o(B) = g,0[g(X)1p(X)|X € A]
Egolg(X)|X € A]

9
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where we assume without loss of generality that Eg o[g(X)|X € A] > O—otherwise g =0
on A and the proposition is trivial. Notice that ;1 and pu, are probability measures on A. To
apply an FKG inequality from [25], we must prove that for any u, v € A,

(B.3) pi(u vV v)ua(u Av) >y (u)uz(v).

To that end we multiply the left-hand side in (B.3) by Eg o[g(X)|A] x P’B’()(A)z, to obtain

Eg.o[g(X)|A]P.0(A)? 101 (u v v)pa(u A v)

=guAv)Pgo(X =uVv)Pgo(X=uAv)
(B.4)

N N
=g Av)c;V ] o= BV v — (k-1 Vo) I o~ 31 0A )~ (a1 Ak
k=1 k=1

where ug = vg := 0. Moreover, we claim that for any a, b, ¢, d € R,
(B.5) lavb—cvd|+lanb—chrd|<|a—c|+|b—d|.

To prove this, observe that |a —c| = a+c—2(a Ac) forany a, ¢ € R, hence (B.5) is equivalent
to

anc+bAad<@vbyA(cvd)+(anb)A(cAd).

Notice that (a A b) A (¢ Ad) =min{a, b, ¢, d} is either equal to a A c or b A d. Assume a A
b AcAd = a Ac without loss of generality. Then one obviously has bAd < (aVvb)A(cVvd),
which concludes the proof of (B.5).

Using (B.5) in (B.4) and recalling that g is nonincreasing, we conclude

Ego[g(X)IAIPg0(A) w1 (u vV v)pua(u A v)

N N

_ By — _Biy—

Zg(v)cﬂzN | |e 5 lug—up—1l | |e 5 vk —v—1]
k=1 k=1

> Ep,0[g(X)|A]Pg0(A) 11 () pua(v),

which eventually proves (B.3).
Since f is also a nonincreasing function on A, we can use a generalized FKG inequality
claimed in [25], Theorem 3, to obtain

(B.6) [ raw <[ ran,

which concludes the proof. [
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